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Abstract

Part I involves iterative methods for solving linear systems, least-squares problems, and
least-norm problems. We show that solution error bounds at each iteration of these methods
can be computed efficiently provided certain additional spectral information of the linear
operators involved. Part IT develops a smooth exact penalty method for constrained nonlinear
optimization based on the work of Fletcher (1970, 1973b), where the methods of Part I play
a central role in evaluating the penalty function and its gradients.

Often the most computationally intensive operation in numerical methods is solving
linear systems, least-squares, and least-norm problems. Further, these linear systems often
do not need to be solved to high accuracy—many methods can accept solutions solved
to a prescribed accuracy. For positive definite systems, Part I develops Euclidean-norm
error bounds for the Krylov methods SYMMLQ and CG using Gauss-Radau quadrature,
when provided an underestimate of the smallest eigenvalue. For least-squares and least-
norm problems, we develop solvers LSLQ and LNLQ (equivalent to SYMMLQ applied to
the associated normal equations) and extend the error-bounding procedure for SYMMLQ to
LSLQ and LNLQ. Similarly, the error-bounding procedure for CG is extended to LSQR and
CRAIG. We compare with existing approaches for bounding errors, using linear systems from
a standard test set and from the penalty method of Part II. Our approach is remarkably
tight for the LQ methods (when good estimates of the spectrum are available), and gives
reliable bounds for the CG-based methods.

In Part II, we develop a general constrained nonlinear optimization algorithm based
on a smooth penalty function proposed by Fletcher (1970, 1973b). We first present the
penalty function for equality-constrained problems, then provide a new smooth extension
to inequality constrained problems. Although it was historically considered to be compu-
tationally prohibitive in practice, we demonstrate that the computational kernels required
are no more expensive than other widely accepted methods for nonlinear optimization. The
main computational kernel required to evaluate the penalty function and its derivatives is
solving a structured linear system. This system can be solved efficiently by storing a single
factorization per iteration. Alternatively, we can adapt the penalty function to the class
of factorization-free algorithms by solving the linear system iteratively, using for example
the methods described in Part I. The penalty function shows particular promise in cases
where such linear system can be solved efficiently, e.g., for PDE-constrained optimization
problems where efficient preconditioners exist, and opens the door to optimization solvers
that accept inexact evaluations and derivatives. We discuss extensions including handling
simple constraints explicitly, regularizing the penalty function, and demonstrate the merits
of this approach on nonlinear optimization problems with PDE-constraints, and those from
a standard test set.
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Chapter 1

Introduction

Numerical linear algebra and optimization are two core pillars of the computational sciences.
Two subproblems that appear repeatedly in numerical methods are the solution of nonlinearly
constrained optimization problems and the solution of structured linear systems (the former
often depending on the latter). As these are often the most computationally intensive steps
of numerical methods, developing efficient methods for these subproblems has wide-reaching
impact across several application domains.

Ever-increasing problem scales result in larger constrained optimization problems and
linear systems. To accommodate these large-scale problems, factorization-free approaches
have gained popularity: those that avoid matrix-factorization and instead rely on matrix-
vector products. Such approaches already have a rich history in the linear algebra community
in the form of iterative methods, particularly Krylov subspace methods. The maturation of
iterative linear solvers in turn helped increase the popularity of factorization-free optimization
solvers. An early example is the Newton-CG trust-region solver of Steihaug (1983).

Key to the success of many large-scale numerical solvers is the use of inezactness: the idea
that subproblems need not always be solved exactly. One of the earliest applications of this
idea to optimization is the Inexact Newton method of Dembo, Eisenstat, and Steihaug (1982),
which specifies how accurately the Newton linear system needed to be solved at every iteration
to retain fast asymptotic convergence. In such algorithms, although subproblems need not
be solved exactly, they must still be solved to a prescribed accuracy; these approximate
subproblem solutions must be within a prescribed distance of the true solution. It is therefore
of interest to design solvers that provide error bounds on intermediate approximate solutions
to allow methods to stop early while guaranteeing that a prescribed accuracy has been
attained. This is particularly true in the case of solving linear systems, the most common
expensive subproblem encountered, which is the subject of Part I. The iterative methods
of Part I are then used to develop a factorization-free smooth exact penalty method for
nonlinearly constrained optimization in Part II.

1.1 Thesis overview

This thesis is organized in two parts: Part I develops iterative methods for linear systems,
least-squares, and least-norm problems that provide error bounds on iterates, given additional
spectral information on the necessary linear operators. Part II develops a smooth exact
penalty method for nonlinearly constrained optimization based on the work of Fletcher
(1970). These projects are connected by the dependency of Part II on Part I: evaluating our
penalty function requires the solution of structured linear systems that are the subject of
Part I—in particular, when the penalty function is evaluated approximately.

In Chapter 2 we introduce preliminaries for the iterative solution of linear systems,
least-squares, and least-norm problems. Chapter 3 derives a method for computing error
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upper bounds on iterates of methods SYMMLQ and CG for positive definite linear systems.
Chapter 4 and Chapter 5 develop methods LSLQ and LNLQ for least-squares and least-norm
problems respectively; these methods are based on SYMMLQ applied to the corresponding
normal equations, thus allowing us to develop error upper bounds based on the approach in
Chapter 3. Extensions to symmetric quasidefinite systems are discussed in Chapter 6. We
summarize the contributions and discuss future directions in Chapter 7.

Chapter 8 introduces the proposed penalty function for constrained nonlinear program-
ming. Chapter 9 develops the theory for equality-constrained problems including: efficient
evaluation of the penalty function and its derivatives; maintaining explicit linear constraints;
regularizing the penalty function under some forms of constraint degeneracy; and inexact
evaluation of the penalty function. Chapter 10 derives a new smooth extension of the penalty
function for handling inequality constraints. We apply the penalty function to solve several
PDE-constrained optimization problems and problems from a standard test set in Chapter 11.
Contributions and future directions for this part are discussed in Chapter 12.

1.2 Code

Most of the methods presented are implemented in various libraries. These are the ones
used for numerical experiments throughout. The iterative methods of Part I (SYMMLQ,
LSLQ, and LNLQ) are available in Matlab! and Julia®. Fletcher’s penalty function (Part IT)
is implemented in Matlab® with all of the discussed features. It is also implemented in C++
within Sandia National Labs’ Rapid Optimization Library in Trilinos* (Heroux et. al., 2003);
this implementation does not include some features such as explicit linear constraints.

1.3 Notation

A word of caution: the scope of notational consistency is mostly limited to individual chapters.
I would like to take this moment to apologize for the inconsistency. This is unfortunately nec-
essary because our work spans the subject matter of multiple communities, each having their
own standardized notation.However, the following notation remains consistent throughout.
We use Householder notation. Matrices are denoted by capital letters A, B, ..., vectors
by lowercase letters v, w, ..., and scalars by Greek letters «, 3, 7, ..., with exceptions for ¢
and s, which may be used for plane reflections with ¢ + s2 = 1. All vectors are columns, but
the slightly abusive notation (&1, ..., &) may be used to enumerate their components. We
use I for the identity matrix of the appropriate size, with e denoting the kth column. Define
1 as the vector of all ones. Denote | - || as the Euclidean-norm, and || - |4 as the energy norm
defined by |lu|% := uTAu for A symmetric positive definite (SPD). Define [n] = {1,2,...,n}.
For square A € R™"*"™ we order its eigenvalues according to Ay = Ao = --- = \,,. Similarly,
for rectangular A € R™*"  we order the singular values according to oy = o9 > --- >
Omin{m,n} = 0, and let cond(A) = 01/0min{m,n}- It should be clear from context if A and o
are referring to scalars that are not the eigenvalues or singular values of a linear operator.

Ihttps://github.com/restrin/LinearSystemSolvers
%https://github.com/JuliaSmoothOptimizers/Krylov.jl
Shttps://github.com/optimizers/FletcherPenalty
4https://github.com/trilinos/Trilinos
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Chapter 2
Preliminaries

We consider solving three related problems

Az = b, (A= AT) (L)
min | Az — b|, (LS)
min ||z|| subject to Ax =0, (LN)

where A € R™*™ is a linear operator with efficiently computable products. We assume that
(L) and (LN) are both consistent. Denote z* := Afb as the solution of each problem, where
AT is the Moore-Penrose pseudoinverse, which solves

*

x2* ;= min|z| subject to x € argmin |AZ —b|, (MLS)
x z

regardless of whether the system is full-rank or consistent.
For (LN), define y* := (AAT)'b, which solves

y* := min |y| subject to AATy = b,
yeR™
and satisfies z* = ATy*.

Problems (LS) and (LN) are equivalent to solving positive-semidefinite linear systems
(the normal equations), or solving a 2 x 2 block system (the augmented system). These are
shown in the second and third columns of Table 2.1.

Table 2.1: Relationships between (L), (LS), and (LN). For each row, the first three columns
describe equivalent problems. The last column gives common methods for each problem.

Problem ‘ Normal Equations ‘ Augmented System ‘ Methods
CG (HS)
Az =b MINRES (PSa)

SYMMLQ  (PSa)

ol e

m$in Az — b ATAr = ATp [
LSLQ (EOSa)

I oAT 0 CRAIG (C)
win ol ae =0 | aary = o= aty |4 AT][ 2] =0 | wser sy
y LNLQ (EOSD)

HS (Hestenes and Stiefel, 1952), FS (Fong and Saunders, 2011), C (Craig, 1955),
PSa (Paige and Saunders, 1975), PSb (Paige and Saunders, 1982a),
EOSa (Estrin, Orban, and Saunders, 2019¢), EOSb (Estrin, Orban, and Saunders, 2019¢)
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2.1 Methods for symmetric linear systems

2.1.1 The Lanczos process

The Lanczos (1950) process, described in Algorithm 1, is the basis for most Krylov subspace
methods for symmetric linear systems. In line 1, Syv; = b is short for “G; = ||b|; if 51 =0
then exit; else v = b/f1”; similarly for line 5.

Algorithm 1 Lanczos Tridiagonalization Process

Require: A, b
: ﬂlvl =b
: for k=1,2,...do
w = Avg
ay = viw
Bre1Vks1 = W — U — Brvr—1
end for

A T

After k steps, the Lanczos process can be summarized as

AVy = ViTy, + Brg1viriet = Viy1 Hy, (2.2)
where Vi, = [v1 ... vi] has orthonormal columns in exact arithmetic, and
a1 BQ
T_ _ T
T = B2 _ le Brer—1 ’ H, - k . (2.3)
B 6kek71 Qg ﬂk+1€;€
Br o

Note that (2.2) holds up to machine precision under floating-point arithmetic, but Vi quickly
loses orthogonality. For each k, Vj, forms a (theoretically) orthonormal basis for the Krylov
subspace Kj, = Kp(A,b) := {b, Ab, ..., AF=1p}.
Krylov subspace methods proceed by defining iterates xj, € i as the “best” approximation
of the solution z*:
xp = argmin p(z), (2.4)
ey
where p : R” — R is some measure of how close x is to #*. By choosing different functions p
we can derive the iterative methods that appear in the following section. In practice, we
compute the iterates by expressing x; = VipZr € K and defining an equivalent problem
to (2.4) by seeking HyZy ~ [1e1 (where the meaning of “~” depends on p).
When A is singular, (L) does not have a unique solution. The following proposition shows
that all Krylov methods converge to the same canonical solution when (L) is consistent.

Proposition 2.1 Assume symmetric A is singular but Ax = b is consistent. Let x* be
the solution produced by a Krylov subspace method for solving Axz* = b; that is, x* € Iy for
some £. Then x* is the unique solution to

min |z subject to Az =b. (2.5)

zeR
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Proof. The necessary and sufficient conditions for z* to solve (2.5) are that Az* = b and
x* € range(A). Because Az = b is consistent, b € range(A), and so the Krylov subspace
is contained in range(A), implying that z* € K) < range(A). Because Axz* = b and
x* € range(A), it must be the solution to (2.5). ad

The following sections briefly describe three popular iterative methods for symmetric
linear systems based on the Lanczos process.

2.1.2 CG

The Conjugate Gradient method (CG) (Hestenes and Stiefel, 1952) is arguably the most
popular method for SPD systems. The iterates are defined by

2$ = argmin ||lz* — z|%. (2.6)
IG}Ck

An equivalent formulation of CG iterates comes from the Lanczos process, where
2 =Vdy, Thil = e (2.7)

Further details on how CG iterates are computed can be found in (Saunders, 2019; Demmel,
1997, §6.6.3). When A is not SPD, CG is not advised because A no longer defines a norm
in (2.6), and some iterates may be undefined because T} could become indefinite or singular.

2.1.3 MINRES

The Minimum Residual method (MINRES) (Paige and Saunders, 1975) handles the case
where A is symmetric but possibly indefinite. Its iterates are defined by

¥ = argmin || Az — b, (2.8)

:L’E’Ck
which via the Lanczos process is equivalent to

ey = Vi, o = argmin | HyZ — Bre|.

zeRF
Hestenes and Stiefel’s Conjugate Residual method (CR) Hestenes and Stiefel (1952) is
equivalent to MINRES when A is SPD. Note however that MINRES is stable for any symmetric
A, while CR can break down when A is indefinite. Fong and Saunders (2011) derive several
relationships between CR and CG for positive definite systems.

2.1.4 SYMMLQ

The last common method for symmetric linear systems is SYMMLQ (Paige and Saunders,
1975), defined by two equivalent subproblems (Fischer, 1996; Saunders, 2019):

rf = argmin |z| subject to b—Ax 1L K1
ey

= argmin |z* — z|?, with € AKy_, := span{ Ab, A%b,..., A* b},

zeR™
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The equivalent definition via the Lanczos process is

k= Vzk, Tk = argmkin |Z|| subject to HY & = Biey. (2.9)
TERF

SYMMLQ and related methods feature prominently in Part I. The details for its implementa-
tion are given in Chapter 3.
We also give a new, simpler, but totally unstable CG-like implementation in Appendix A.

2.2 Methods for rectangular linear systems

2.2.1 The Golub-Kahan process

The Golub and Kahan (1965) process, described in Algorithm 2, is the basis of many Krylov
subspace methods for nonsymmetric and rectangular linear systems.

Algorithm 2 Golub-Kahan Bidiagonalization Process

Require: A, b
1: 6111,1 =b
2: a1 = ATu1
3: for k=1,2,... do
4 Brriugsr = Avg — agug
5: p+1Vk+1 = ATug1 — Bry1vk
6: end for
Define Uy, := [ul uk], Vi = [vl vk], and
(0% o
' Bz a2
B2 o Ls
L= |0 B :lﬁfl (2.10)
B« Bk
b Brs1
The matrices U and Vi produced by Algorithm 2 satisfy
AVy = Ugy1 By,
k k+1Dk (2.11)

T T T T
A" Ugy1 = Vi B, + agr1vips1€gry = Viri1Ly o,

and in exact arithmetic, the identities U kT Uy, = I, and VkTVk. = I}, hold as well. Again, (2.11)
holds to machine precision under floating-point arithmetic, but Uy and Vj, lose orthogonality.

Algorithm 2 can be interpreted as a more accurate form of Lanczos process (Algorithm 1)
for the Gramian matrices ATA and AAT with starting vectors A7b and b:

ATAV), = Vi1 LB, (2.12a)
AA™UY, = Uy 1By LY. (2.12b)

Thus Vj and Uy are orthonormal bases for K (ATA, ATb), and K1, (AAT, b) respectively. The
relationship between the Golub-Kahan and Lanczos processes leads to a close relationship
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between the methods discussed in Section 2.1, and the methods below for problems (LS) and
(LN). This relationship is further explored in Section 2.2.5.
Below we describe three popular methods for least-squares and least-norm problems.

2.2.2 LSQR

LSQR (Paige and Saunders, 1975) is for least-squares problems (LS); it defines iterates
according to the following equivalent definitions:

2 ;= argmin  |Az —b|, (2.13)
w€Ky, (ATA,ATb)
= ijg, jg = argmin | BT — fre1]. (2.14)
TeRF

We intentionally use the same notation 2§ because of the equivalence between LSQR and
CG (see Table 2.2).

2.2.3 LSMR
LSMR. (Fong and Saunders, 2011) is also for least-squares (LS); it is defined by

¥ = argmin |AT(Az —b)||, = Vpz, = argniin L} 1BrT — a1 Bret.

2Ky, (ATA, ATb) zeR
(2.15)

LSMR shares a similar equivalence with MINRES (Table 2.2).

2.2.4 CRAIG

CRAIG (Craig, 1955) is for consisten least-norm problems (LN) and is defined equivalently
in two ways:

= argmin  |z* -z, (2.16a)
zeky,(ATA,ATb)
—ATC, 4= argmin [y —ylaan (2.16b)
yeK, (AAT,b)

From (2.16b), it is clear that CRAIG is equivalent to CG on AATy = b (and we denote its
iterates by z{ as well; see Table 2.2). Further, from (2.16a), we see that CRAIG is the
error-minimizing method among all methods producing iterates in Kr(ATA, ATb).

2.2.5 Equivalence of methods

Each of the methods described in Section 2.2 can be interpreted as a stable implementation
of the methods in Section 2.1 applied to the corresponding normal equations, given the
connection between the Golub-Kahan and Lanczos processes via (2.12). Table 2.2 summarizes
the relationship between these methods. In particular, we complete the table by introducing
LSLQ (Chapter 4) and LNLQ (Chapter 5). We also prove the relationship between LSQR
applied to least-norm problems and MINRES.
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Table 2.2: Methods for least-squares or least-norm problems and their corresponding equiva-
lent method on the normal equations. Assume that the least-norm problem is consistent.

Method ‘ Problem ‘ Equivalent to ‘ Applied to
LSQR ca
LSMR  for z | min[Az —b[; MINRES for z | ATAz = ATp
LSLQ SYMMLQ
LSQR  for x mmm||ac||2 : Az =b | MINRES fory T
LNLQ SYMMLQ r=Aly

Proposition 2.2 LSQR applied to Ax = b in (LN) is equivalent to MINRES applied to
AATy = b. The iterates satisfy x;, = ATy, where x, are iterates from LSQR and yj, are
from MINRES.

Proof. First note that x € Kp(ATA, ATb) = ATK(AAT,b) is equivalent to there existing
y € K(AATb) such that x = ATy. Observe then that (2.13) is equal to

rp = argmin  |Az —b| = argmin [AATy -],
zekCy, (ATA, ATb) yeki, (AAT,b)
z=ATy
which defines the same subproblem as (2.8) for yy. |

2.3 Termination criteria

Typically Krylov subspace methods are terminated according to the residual norm |r| =
|6 — Az| (which is zero at the solution for consistent systems), or the optimality residual
norm | ATr| (which is always zero at the solution). However, a small residual can still lead
to loose error bounds that depend on the condition number of A, because

*_
|z* —al _ |r]

Jo* —a] < [r|]A7"] and
h la*l ol

-1
JAIIA™Y.
It is therefore of interest to design iterative methods capable of estimating and bounding
the error norm directly. The focus of the upcoming chapters is thus to: develop approaches
for computing cheap error bounds at every iteration of CG and SYMMLQ, and then design
iterative methods for (LS) and (LN) for which it is possible to compute such error bounds.

2.3.1 Matrices, moments, and quadrature

We give a brief overview of the seminal work of Golub and Meurant (1994, 1997) that relates
the evaluation of quadratic forms with Gauss quadrature and the Lanczos (1950) process.
These results are vital to developing the error bounds in the upcoming chapters. A more
detailed treatment can be found in Golub and Meurant (2010). Assume for now that A is an
SPD linear operator.
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We are interested in evaluating quanties of the form

bTf (A b—bT<2f pzpz) =Z D, w=plh i=1.n, (217)

where f is an analytic function, A € R™*"™ has eigenvalues Ay > --- > A\, > 0, and
corresponding eigenvectors {p1,...,pn}.

Golub and Meurant (1994) explain that the main insight for evaluating (2.17) comes
from viewing it as a Riemann-Stieltjes integral with piecewise constant Stieltjes measure:

., N 0 itA <A,
S FO0uE = [ FOVR, )= S i <A< A
=1 o Z;‘l=1 M? if Ay <A,

allowing (2.17) to be evaluated via Gauss quadrature.

The second main insight is the close relationship between Gauss quadrature and the
Lanczos (1950) process. In particular, the nodes and weights of the Gauss quadrature can
be obtained directly from the eigenvalue decomposition of T from Algorithm 1 (see Golub
and Meurant (1994, §3)). If upper or lower bounds on the spectrum of A are available, we
can perform Gauss-Radau or Gauss-Lobato quadrature to obtain upper or lower bounds on
(2.17). The connection between such quadratic forms and their approximation via Gaussian
quadrature is most notably studied by Dahlquist, Eisenstat, and Golub (1972), Dahlquist,
Golub, and Nash (1979), and Golub and Meurant (1994, 1997).

In our case, we are interested in upper bounds on (2.17), meaning that we perform
Gauss-Radau quadrature and require an underestimate of the smallest eigenvalue of A,
namely Aest < Ap'. The tightness of the Gauss-Radau quadrature therefore depends on the
tightness of the eigenvalue estimate. If A is semidefinite (with rank r), the sum in (2.17) is
evaluated over the first r eigenvalues. In this case, we require that Aest < Ar.

The following theorem summarizes these results.

Theorem 2.3 Let A be positive semidefinite with rank r and Ax = b consistent, and let
f:(0, 0) = R be such that its derivatives satisfy PtV (€) <0 for all € € (Ar, Amax(A))
and all integers m = 0. Fiz Aest € (0, A). Let Ty be generated by k steps of the Lanczos
process (Algorithm 1) on (A,b) and let

T = l Th—1 »31@61@11 ’

Bref_y Wk
where wy, is chosen such that )\min(fk) = dest. Then
bF(A)b < |b]*e] f(Ti)er

Proof. The result follows from (Golub and Meurant, 1994, Theorem 3.2) and the section
preceding it, as well as (Golub and Meurant, 1994, Theorem 3.4), although those results
only consider the case where A is SPD. 0

1In general, if there exists £ such that pu; = 0 for all ¢ > £, it is sufficient for Aest < Ag.



Chapter 3

Euclidean-norm error bounds for CG
and SYMMLQ

We derive error bounds for SYMMLQ and CG iterates using Gauss-Radau quadrature. The
contributions of this paper are predominantly from Estrin, Orban, and Saunders (2019d).

3.1 Computing SYMMLQ) iterates

We begin with a brief overview of how SYMMLQ iterates are computed, as well as some of
its key properties. A more detailed treatment is given by Paige and Saunders (1975), from
which we derive most of the notation with minor differences. In particular, we set indices
such that xj € Ky, for all Krylov subspace methods. This section further serves to set the
notation used for this chapter.

To obtain zF (defined in (2.9)), we compute the LQ factorization Tx_1QF | = Lj_1,
where Qy_1 is orthogonal and

€k—1 Ok—1 k-1

Note that the diagonal entries of Lj_; are vj for 5 =1,...,k —2, and the last entry is 74_;.
A single 2x2 reflection is applied on the right to obtain H} QY = [Ly_1 0], so that Lj_;
differs from L;_; only in the last diagonal entry, which becomes 7;_1. The reflection is
constructed so that

k—1 k k—1 k
_ k—1 k
k=1 | k-1 B V-1 O
- Ck Sk _
k O Qg . o | = O, ol
K —Ck z
k41 0 Br+1 Ek+1 Okt1

The first iteration begins with k& = 2 (because SYMMLQ iterates are defined only for k > 2),
and ; = a; and §; = fBo. For k > 2, define 2,1 = (1, ..., Cx—1) as the solution to

Li—1zx—1 = Bre1. Then 7t = Qf leO_l} solves (2.9), so that

L L T
xy = Vi = ViQg

Zkoll =W [Zk()l] = Wi_12k-1 (3.1)

11
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with the orthogonal matrix Wy, = VkQ{ = [wl e Wh—1 ﬂ)k] = [Wk,l wk].
We can readily obtain the kth CG iterate as part of the SYMMLQ iteration. We define
Zr = (211, (k) as the solution to LyZ = Bie1, so that we solve (2.7) using Ty, = LQy and

¢ = izl = ViQTz, = Wiz = 2t + Gy, (3.2)
It can further be shown that (, = (j/cx11, and (3.2) implies that
laf 17 = g )? + G (3.3)
Paige and Saunders (1975) establish the following results.

Lemma 3.1 The SYMMLQ iterates xi satisfy the following properties:

1. xé = ac£71 + Cp_1wi_1 € Kg, with w1 L xﬁq' Furthermore, HxﬁH = ||zk—1]| and is
momnotonically increasing.

L

2. Since xk is updated along orthogonal directions, |z* — xL|? = |2*|? — |=L|?

18 momno-
tonically decreasing.

3.2 Upper bounds when A is semidefinite

In this section, we derive an upper bound on the error in SYMMLQ and build upon it to
derive an upper bound for CG. As with other Gauss-Radau based approaches, we assume
the availability of a non-zero underestimate to the smallest non-zero eigenvalue of A.

We assume that A is positive semidefinite with rank r < n, but that Az = b is consistent.
The situation where A is SPD is simply a special case. By Proposition 2.1, SYMMLQ and CG
identify the pseudoinverse solution z* = A'b = argmin, {|z| | Az = b}. The Rayleigh-Ritz
theorem states that

A\, = min{v?Av | v € range(A), |v| = 1}.

In addition, for any u € R¥ with |u| = 1, Viu € range(A) because each v; € range(A), and
[Viu| = 1. Then, each T}, is positive definite because u? Tyu = (Viyu)T A(Viu) = A\, > 0.
Because each zF and z{' lies in range(A) by definition, the SYMMLQ and CG iterations
occur as if they were applied to the symmetric and positive definite system consisting in the
restriction of Az = b to range(A).

3.2.1 Existing error estimates for Krylov subspace methods

There has been significant interest in estimating the A-norm of the CG error, the history
of which is detailed by Strakos and Tichy (2002). The Euclidean-norm has received less
attention as it is more difficult to estimate for CG, although it has been studied by Strakos
and Tichy (2002), Golub and Meurant (1997), Meurant (1997, 2005), and Frommer, Kahl,
Lippert, and Rittich (2013). Although estimates for the CG error are derived by Meurant
(2005), they are not proved to be upper bounds, while those of Frommer et al. (2013) are
upper bounds but can be more expensive in ill-conditioned cases in order to achieve improved
accuracy (by increasing d in Section 3.6). The only Euclidean-norm SYMMLQ error upper



3.2. UPPER BOUNDS WHEN A IS SEMIDEFINITE 13

bounds we are aware of are those of Szyld and Widlund (1993), who provide a pessimistic
geometric error decay rate.

The strategy behind estimating error norms (including our own) is to recognize the error
and related quantities as quadratic forms r7f(A)r evaluated at A for a certain function
f (eg., f(§) = &2 and r = b — Ax) and seek estimates of this quadratic form using the
techniques in Section 2.3.1.

3.2.2 Upper bounds on the SYMMLQ error

According to (3.1) and result 2 of Lemma 3.1, we have
lo* — 2| = "7 = g1 = [2*1? = 2] (3.4)

Thus it is sufficient to find an upper bound on |z*|? = b7 A=2b, assuming temporarily for
the clarity of exposition that A is SPD. In this section, we show how to obtain such a bound
at the cost of a few scalar operations per iteration.

We are interested in the choices f(£) = €72 (with € = A) as well as f(¢) = ¢! (with
¢ = A?). Although these appear to be exactly the same, the estimation procedure and
convergence properties of the estimates are different when A is indefinite, since A2 is
guaranteed to be positive semidefinite.

When A is only semidefinite, we need to estimate |z*|? = bT (AT)2 b = bTf(A)b, where

£(6) = {5_ $=0 (3.5)

0 ¢=0.

We therefore obtain upper bounds of b f(A)b using Gauss-Radau quadrature by invoking
Theorem 2.3. We therefore need to compute wy in Tk from Theorem 2.3, then efficiently
evaluate the quadratic form using Ti. In Golub and Meurant (1997) it is shown that
Wk = Aest + Mk—1, Where 7;_1 is obtained from the last entry of the solution of the system

(Th—1 — AestD) ub—1 = Brex—1. (3.6)

To compute ui_1, we take the QR factorization of Ty_1 — Aest/ analogous to the LQ
factorization of H{ | in SYMMLQ. This differs from (Orban and Arioli, 2017), where a
Cholesky factorization is used, but QR factorization allows us to solve an indefinite system
using a stable factorization. It begins with the 2x 2 reflection

ng) S§W) 1 — Aest 62 _ P 02 T3
55“’) *cgw) B2 0 — Aest B3 p2 a3’

and proceeds with reflections defined by

J ji+1 j i+1 i+2 J ji+1 Jj+2

) C(}“) 8(}4) _ _

i j j Pj Oj+1 — | Pi Ti+1 Tj+2

v (w) (W) B AP B 5 G .
i+l |5 ¢ j+1 Q41 est j+2 Pj+1  Oj+2
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Putting the QR factorization together, we have

[p1 02 T3 i
X X X
o
X X X P2 3
Tho1— Aestd = ps o Tho1 |
@ (@) o
Spl2 TCp— Tkl
i Pr—1 ]

where X is a placeholder for entries we are not interested in. We do not need to compute
the QR factorization fully as we require only the scalars s,(:‘)_)Q, c,(:d_)27 and pg_1 at the kth
iteration. The relevant recurrence relations are

ﬁl = Q1 — )\esta

02 = BQa ng) = _17
_ w ay — )\est w BQ
Plz\/P%‘*‘ﬁ%, Cg): ) Sg):*§
P1 1

for k = 2:
Pk = Sl(cui)la'k — C;(:i)l (ak - Aest)a

Ok4+1 = _C](:i)lﬂk-klv Tk = S](:i)zﬁkn
— W) _ Pk ) _ Br+1
P =AIPE+ B, ) =2 g =2
k k+1 k Pk k Dk

From the QR factorization of (3.6), we see that

_pl g2 T3 ]
% X X 0
p2 03
. . X X . 2 :
p3 T Tk—1 ' . Bier—1 = 0 g
X . . S(W) 2 (w)
o . . k(_wQ) Pisi =
7k—1 Nk—1 X e e = _&305:1)2
B Pk—1 |

and therefore n,_, = —B,fc,(:i)Q/ﬁk_l, with wg = Aest + Mr—1-

We now describe how to compute 5%6?1:]:261 efficiently. Note that if we take the LQ
factorization of Ty = LiQy, then by symmetry of T},

~_ o =T > ~ -1
Biel T, 2er = Biel (LeQr) ™ (LxQk) ™ e
= 82T L ey = |BiLy e |

= |27, (3.7)

where Zkzk = (1e1. Because Tk differs from T} only in the (k, k) entry, we have

L= Tkal T _0 , where ko Sk O = %k ,
€kek—2+1/}kek—1 Wk S —Ck| | Wk Wk



3.2. UPPER BOUNDS WHEN A IS SEMIDEFINITE 15

where €5 comes from the LQ factorization of Ty. The vector Zj is closely related to zg.
Indeed Li_12zk_1 = Bre1, and therefore

2 = [Zlil] , G = —@ik (erCh—2 + VrCr—1) - (3.8)

Ch
Theorem 2.3 (with f defined in (3.5)) and (3.7) imply that |z*||? < |Z%|? so that (3.4) yields
l* —ag|? = o™ * — 2| < 1Z%]® = l2r—1]? = (e)*, (3.9)

where we define
ek = |Gl (3.10)

Thus, with only a few extra floating-point operations per iteration we can compute an upper
bound eﬁ on the SYMMLQ error in the Euclidean-norm.

Note that this approach can be applied when a positive definite preconditioner M ~ A is
used. The preconditioner changes the Lanczos decomposition, but all remaining computations
carry through as above. We obtain an estimate of the error in the norm defined by the
preconditioner, namely |z* — zx|as.

3.2.3 Upper bounds on the CG error

We now use the error bound derived in the previous section to obtain an upper bound on the
CG error in the Euclidean norm. We first establish that the CG error is always lower than
that of SYMMLQ for A positive semidefinite and Ax = b consistent. Although the result
yields the trivial upper bound (3.10), it also allows us to identify an iH;proved bound. Define

the kth CG direction as p; with step length ag > 0, so that ;E,? = Zj=1 ajcpj.

Lemma 3.2 The CG search directions satisfy pLp; =0 for all i, j.
The following lemma is also useful in our analysis.
Lemma 3.3 For 1 <k</{and0<d; <dy </{-—k,

(@%sa,) ok = (@Kya) ok = 2%, and in particular, (a*)"af > [af

Proof. Because af > 0, Lemma 3.2 yields

k+da T k+ds Kk
(treas) 2l = (:c€+ 3 a?pi) = 1aP 1 Y Y alaSpTy,
i—k+1 i=k+1j=1
k+d1 k
>z 17+ D) D efalplp;
i=k+1j=1
> 1aC2. 0

We now relate the Euclidean-norm errors of SYMMLQ and CG.

Theorem 3.4 Let A be positive semidefinite and Ax = b be consistent and let x* be the
solution identified by both CG and SYMMLQ by virtue of Proposition 2.1. The following hold
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in exact arithmetic for all 2 < k < £:

25 (3.11)

|z |
| < |2* —zE|. (3.12)

a* — 2|

Proof. Relation (3.11) follows from (3.3), and this with Lemma 3.3 implies that
lek? + 217 < 2af)? < 2(2*) e
Rearranging and adding |2*|? to both sides gives
Ja*I? = 2(2*) 2 + |2 12 < |2 )* = 5 |,
By factoring the left and using result 2 of Lemma 3.1 on the right, we obtain (3.12). |

Although the proof of Theorem 3.4 assumes exact arithmetic, we have observed empirically
that the result holds until the error in x£ plateaus at convergence.

Theorem 3.4 immediately establishes the trivial bound
lo* =i < 2" —ag ] < e (3.13)

which provides an upper bound on the Euclidean-norm CG error, in contrast to the estimates
of Meurant (2005). We can improve bound (3.13) using a few observations.

From Lemma 3.3,
O := (z*) 72§ — |25 )% = 0. (3.14)

Hence from part (3.3)

la* — a2 = l2*|? — 2(a*) T2k + [ )
= [2*]* = 265, — [l |

= [o*I* = 20k — |5 1* - G,
and since |2* — 2| < € = |Ck| it follows that

la* =2 |? = |a* — af|* = G — 204
<Gt -G — 20, (3.15)
<G -G (3.16)

Since (}, is readily available as part of the SYMMLQ iteration, (3.16) is an improvement upon
the bound (3.13). Unfortunately, bound (3.15) is not computable because z* is unavailable.

We define
e =G -G <IGl = (3.17)

as an upper bound on the error of the kth CG iterate.

Using Lemma 3.3, we could further improve the error estimate by approximating 6 from
below by introducing a delay, implemented using the sliding-window approach originally
appearing in Golub and Strakos (1994) (stabilized by Golub and Meurant (1997) and used by
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Meurant (2005) and Orban and Arioli (2017)). Given Lemma 3.3, we define an approximation
of (3.14) as
d
0 = (efha) el — P <6 (@>0),

noting that 0 < 0,(61) <. < Ql(f_k) = 0.
We now describe how to compute 9,(;1) without storing the iterates xkc, . ,xkc+ 4 explicitly.
Recalling that 2§ = 2F + (wy, = Zf;ll Giw; + (g, we have

d = _\T = _ =
gl(c )= (acﬁ + Ckwk) (xl€+d + Ck+dwk+d) - (H:v;?H2 + Cz%)
= l|lzg|? + Gewi v g + CoCrra®i Wira — (|2 |* + CF)
 ktd—1 o )
=G Y. Gwfw; + Gelera Wira — Cis

1=

E

where we use the fact that w!w; = 0 for i # j and @] w; = 0 for j < i. Note that
i i
u’),{wi = Ci11 H s; and u’)kTu’)l = H sj fori =k,
j=k+1 j=k+1

so that

PO T i o k+d -
6" = G Z (Cz’ciﬂ H 5j> + CkCr+d n sj = Gi-
i=k j=k+1 j=k+1
We can compute 9,(€d) in O(d) flops and O(d) storage by maintaining d partial products of
3

the form [[;_, 4

product by sgi1 and multiply the last one by si.4 to obtain the necessary partial products
for iteration k + 1.

With the above expression we can improve (3.16) to

sj for k+1 <7<k +d. At the next iteration we can divide each partial

229, (3.18)

Jo* — 2| < ()
This improved bound is only noticeable when A is a close estimate to Api,. Otherwise,
the difference between the €{ and |2* — 2| is dominated by the error in the Gauss-Radau
quadrature (the difference between e and ||z* — zL|).

It is not necessary to implement CG via the transfer point from SYMMLQ in order to
compute these error bounds because only {ay, S} from the Lanczos process are required.
These can be recovered from the classic Hestenes and Stiefel (1952) implementation of CG
using equations provided by Meurant (2005).

For positive semidefinite A, we have derived upper bounds on the SYMMLQ and CG
errors when Ax = b is consistent. Only a few extra scalar operations are needed per iteration,
and O(1) extra memory.

3.3 Complete algorithm

Algorithm 3 provides the complete algorithm to compute the error bounds e% and ekc, given
{ag, Bx} from the Lanczos process. Although it did not make a difference in our numerical
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Algorithm 3 SYMMLQ with CG error estimation
Require: A, b, and Aegt such that Aest < Amin(A4).

1: Obtain ay, 51, 82 of Lanzcos process on (A, b)

2: Y1 —al,ég—ﬂg, g1 =¢e9=0 > begin QR of Ly,
3 p1 =1 — Aest, 02 = Pa, p1 = /P2 + 53 > begin QR of (3.6)
4 ey = 1, ) = (a1 — Aest)/p1, 517 = Ba/p1

5: CO =0, (1 B1/7 > initialize remaining variables
6: for k =2,3,...do

T Yk—1 = \/'7]371 + B[%

8 k= Vh—1/Vk—1, Sk = Br/Vk—1

9: Obtain ay, Sk+1 from Lanczos process on (A, b)

10: Ok = OpCle + QSk, Ak = OpSk — QCh > continue QR of L
11: &1 = Br41Sks Okt1 = —Br+16k

12: Ch—1 = Cr—1Ck > forward substitution
130 G = —(enCre 2 + 0kCe—1)/Tn

14: M1 = fﬂkck 2/pk 1 = forward substitution on (3.6)
15: W = Acst + Mk—1

16: ’(/)k = ckék + SpWE, Wk = skék — CLWk

17: el = |(ekCr2 + YrCr_1)/0k| o> compute error bounds
15 = ()2 -)°

19: Pk = S,S'i)l&k - c,(:i)l (g — Nest) = continue QR of (3.6)
20: Ok+1 = *cgi)lﬁzm, Pk = «/ﬁ% + 5;3“
ot e = pi/pw, 8\ = Braa/pn
22: end for

experiments, it may be safer in practice to compute reflections (:,(:J)7 s,(cw), Ck, Sk using a variant

of (Golub and Van Loan, 2013, §5.1.8).

3.4 Error estimation with A indefinite

We now focus on the SYMMLQ error when A is indefinite. Theorem 2.3 no longer applies,
and so B2el Tk e is only an estimate of ||z*| rather than an upper bound.

There are two approaches. The first is to continue as in Section 3.2.2 and accept
ef as an estimate of the error rather than an upper bound. Alternatively we can treat
|2*|? = bT(A2)Th as a quadratic form in A2 rather than A. (Recall that for real symmetric A,
(A%H)T = (AT)2.) We formulate the problem as upper bounding the energy norm |z*| = ||b] g+
with B = A2. Such computation is akin to computing the energy norm error for CG using
Gauss-Radau quadrature, which has been studied by Golub and Meurant (1997) and others.
The main difficulty is that it requires applying the Lanczos process to A2 and b, which means
two applications of A per iteration of SYMMLQ (an impractical requirement in general).
Although this theoretically guarantees that we obtain an upper bound on ||z*| (and therefore
an upper bound on the error), roundoff error can diminish the quality of the estimation.

With these ideas in mind, we consider the procedure outlined in Section 3.2.2, treating
bT(A2%)Th as a quadratic form in A to estimate the error. In numerical experiments we observe
that the estimate often remains an upper bound, even as the iterates converge to the solution.
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It is possible to loosen the error estimate by choosing a smaller value for Aes to encourage
the estimate to remain an upper bound; however, without knowing A iy, this may not be
a practical solution. This is also illustrated in the numerical experiments.

Note that with A indefinite, A\eg; should be chosen between zero and the eigenvalue closest
to zero (keeping the sign of that eigenvalue). This is the only difference in the computation
of eé . There may be iterations where T;_1 — Aot/ becomes singular, and it may not be
possible to compute eﬁ for that iteration, but the QR factorization of T} — Aest I could still
remain computable at future iterations.

3.5 The choice of M\

A reasonably tight underestimate of A is required for approaches using Gauss-Radau
quadrature, such as for other error estimates proposed by Meurant (1997) and Frommer
et al. (2013). The quality of our error bounds is directly dependent on the quality of the
Gauss-Radau quadrature, which in turn depends on the quality of the eigenvalue estimate.
Meurant and Tichy (2015) investigated the effect of A\es¢ on the quality of Gauss-Radau
quadrature for the CG A-norm error.

If Ajin| 1= argminyep 4y [A| is known, one should choose Aest = (1 — €)Ajmin| With € « 1.
In the experiments below, we usually use € = 107'%. Choosing As; slightly closer to zero
alleviates numerical stability issues in computing wy with a near-singular Ty — Aest . This
also applies when A is indefinite.

One example where it is trivial to obtain an underestimate of the smallest eigenvalue is
for shifted linear systems (A + 6I)z = b with A SPD and § > 0, where the choice Aest = 0
may give good error estimates if A is close to singularity. This is of interest for regularized
least-squares problems (ATA + 621z = A”b (this is further explored in Chapter 4).

When Ay is not known, the choice of Aesy becomes application-specific. It may be
possible to estimate the smallest eigenvalue as the iterations progress, similar to Frommer
et al. (2013), although this is the subject of ongoing research. If no information is known
about the spectrum of A, Gauss-Radau quadrature approaches such as the one presented in
this chapter may not be practical.

3.6 Previous error estimates

As discussed in Section 3.2.1, there are other approaches to estimating the error in the
iterates of Krylov subspace methods, particularly for CG. In this section we provide a brief
overview of the approaches taken by Brezinski (1999), Meurant (2005), and Frommer et al.
(2013) as applied to CG, followed by some numerical experiments comparing the approaches.
Only the error estimate by Brezinski (1999) applies to SYMMLQ as well. We include this in
the numerical experiments.

Brezinski (1999) describes several error estimates for nonsingular square systems, including

e[
| Are]”

|z* — ] ~

T = b— Al’k (319)
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Table 3.1: Cost of computing an error estimate for CG using various methods, where d is the
window size for methods using a delay (denoted by *). The right column refers to whether
the method guarantees an upper bound in exact arithmetic.

‘ Cost per iteration ‘ Storage ‘ Upper bound
Brezinski (1999) O(n + nnz(A)) O(1) | Yes, if scaled by x(A)
Meurant (2005)* 0(1) O(d) No
Frommer et al. (2013)* O(d?) O(d) Yes
Bound (3.17) 0(1) 0(1) Yes
Bound (3.18)* O(d) O(d) Yes

(see also Auchmuty (1992)). This estimate is simple to implement, but requires an extra
product Ary each iteration (note that |rg| is cheap to compute as part of the CG and
SYMMLQ iterations). The estimate can be made into an upper bound by multiplying it by
the condition number of A, or an upper bound thereof, assuming the latter is known ahead
of time, although this considerably loosens the estimate. Thus, such conversion to an upper
bound is only possible when A is nonsingular.

Meurant (2005) uses the relation

o]

I

ot — €2 = bl (T T 21 — X T 2er) + (—1)F B |0 — o rbg-el T2 (3.20)
to relate the A-norm error to that of the Euclidean error for CG iterates. The first term
can be approximated by introducing a delay d and replacing el T, 2e; by e{Tk_fdel. The
A-norm error can be estimated via Gauss quadrature as described by Golub and Meurant
(1997), and the remaining terms by updating a QR factorization of Tk, so that the total cost
is only O(1) flops per iteration.

Frommer et al. (2013) use the fact that r{ = [r{|vg41, where vy is the (k + 1)th
Lanczos vector, and so

lo* = 21 = g 2ok 1 A0k (3.21)

The right-hand side of (3.21) is upper-bounded using Gauss-Radau quadrature. Rather than
restarting the Lanczos process on A using vg1 as the initial vector at each CG iteration, they
cleverly perform the Lanczos process on the lower 2d x 2d submatrix of T 411 using 441 as
the starting vector, thus recovering the same estimate. The restarted Lanczos factorization
requires O(d?) flops at each iteration.

In Table 3.1 we summarize the costs of the various error estimates for CG and say whether
the estimate can be shown to be an upper bound in exact arithmetic.

3.7 Numerical experiments

3.7.1 Comparison with previous estimates

We give some numerical examples comparing the various error estimation procedures for CG
and SYMMLQ, using SPD matrices from the SuiteSparse Matrix Collection (Davis and Hu,
2011) and Matlab implementations of all error estimates described in Section 3.6. In each
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Figure 3.1: €/|z* — x| for SPD system UTEP/Dubcoval using SYMMLQ and CG, where
€k is the error bound for either SYMMLQ or CG.
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Figure 3.2: €{'/|2* — 2| for SPD system Nasa/nasa4704. Delays d = 10 and 100 are used
for estimates that take advantage of them.

experiment, we use b = 1/4/n and compute z* = A\b via Matlab. The solvers terminate when
|7&]l/|b] < 10719, For estimates using a delay d, we report the estimated error at iteration k
using information obtained during iterations k,k + 1,...,k + d. Estimates requiring bounds
on eigenvalues use (1 — 10729\, (A) for the lower bound and (1 + 10719) A\ (A) for the
upper bound. (Further experiments in Section 3.7.2 use a less accurate estimate of Apin(4).)
For each approach to estimating the error, we plot €¢/||x* — x|, that is, the ratio of the
estimate, €, to the true error.

First we compare our SYMMLQ error estimate with that of Brezinski (1999). We use
the matrix UTEP/Dubcoval (n = 16,129 and x(A) ~ 103). The ratio of the true error to
the corresponding bounds are plotted in Fig. 3.1a. We see that our bound is close to the
true error until 1 attains its maximum accuracy, whereas the Brezinski (1999) estimate is a
lower bound on the error for the examples in this section; however if it is scaled by k(A)
then it becomes a loose upper bound.

We now compare the estimates for CG from (3.17) and (3.18) using a well-conditioned
system (UTEP/Dubcoval) and an ill-conditioned system (Nasa/nasa4704, n = 4704 and
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k(A) ~ 107). In Fig. 3.1b, we see that all estimates do fairly well, as they are off by at most
one or two orders of magnitude. Estimate (3.17) performs nearly as well as those of Meurant
(2005) and Frommer et al. (2013) when d = 10, until a divergence occurs near iteration 70.
The improved estimate (3.18) appears tightest until that same divergence occurs.

Next, we compare against the estimates of Meurant (2005) and Frommer et al. (2013) on
Nasa/nasa4704 using d = 10 in Fig. 3.2a and d = 100 in Fig. 3.2b. We see that for d = 10,
the (Meurant, 2005) estimate is not an upper bound, while that of Frommer et al. (2013) is
looser than ours. The situation is improved for the other estimates with d = 100, where (3.17)
and those of (Meurant, 2005; Frommer et al., 2013) are fairly similar, but the Meurant (2005)
estimate is still not an upper bound, and the estimate of Frommer et al. (2013) is more costly
for such d. We also note that in this case, increasing d does not noticeably improve (3.18)
compared to (3.17).

For CG, (3.17) is the cheapest and in exact arithmetic is guaranteed to be an upper bound.
At the same time, it is not necessarily the tightest estimate, and the estimate of Frommer
et al. (2013) has the advantage of improved accuracy of the error estimate with increased
window size d (moreso than (3.18)), although at a higher computational cost and it requires
computing d iterations into the future. In some cases, such as Fig. 3.2a, a good estimate
that is not guaranteed to be a bound may more useful, but without accuracy guarantees it
may be difficult to use such estimates within termination criteria.

3.7.2 Additional SPD experiments

We evaluate the quality of our error bounds (3.10), (3.17) and (3.18) on further SPD
examples from the SuiteSparse collection. Again we solve Ax = b with b = 1/4/n, taking
x* = A\b from Matlab and terminating when [ry[/[b]] < 1071°. We compute Ajpin|(A), the
eigenvalue closest to zero, and obtain the error bounds using Aest = tA|min|(A), typically
with g = 1—1071% or 0.1. We also include a lower-bound error estimate using a delay (Golub
and Strakos, 1994; Hestenes and Stiefel, 1952). Because SYMMLQ takes orthogonal steps,

ktd—1 ¢
lokya —2k> = Y, &< ¢ =" — ] (3.22)
i=k i=k

for any d > 1. By choosing a modest value d = 5 or 10 and storing the last d steplengths (;,
we can compute a lower bound on the error. Note that we can compute a lower bound via
Gauss and Gauss-Radau quadrature with Aes; = | A[2. Such techniques were used by Arioli
(2013), and provide lower bounds comparable to those using a delay. We plot €/||z* — x| to
investigate the tightness of the bounds.

In the figure legends, €& (1) and € (1) denote error bounds for SYMMLQ and CG obtained
from Gauss-Radau quadrature when Aest = £\ |min|(A4), where 0 < 1 < 1. For SYMMLQ we
include the lower-bound error obtained using a delay with d > 1, denoted by €~ (d).

For SYMMLQ on Bindel/ted_B_unscaled (n = 10605 and x(A4) ~ 10'!), the bound to error
ratios are shown in Figure 3.3a. For GHS_psdef/wathen100 (n = 30401 and x(A) ~ 10?),
they are in Fig. 3.3b. When Aesy approximates Ajyin| = A well, the bound eﬁ is remarkably
tight after an initial lag. We used g = 1 — 107° for the first problem due to A being
ill-conditioned (Afmin| & 107'), and =1 — 107 for the second problem. Even when Aeg
is a tenth of the true eigenvalue, it appears that the bound is at most an order of magnitude
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Figure 3.3: €£(-)/|z* — zE| for two SPD systems. The Gauss-Radau approach gives upper
bounds, while the delay gives lower bounds.
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Figure 3.4: € (pn)/|2* — 2§|| for two SPD systems.

larger, still outlining the true error from above. Only near convergence, eé may no longer be
a bound when the true error plateaus. Having the computed bound continue to decrease
after convergence is a desirable property for termination criteria. The lower bounds eﬁ (d)
oscillate an order of magnitude below the true error in Fig. 3.3a, but in Fig. 3.3b, both upper
and lower bounds soon approximate the true error to within a couple orders of magnitude.

We now solve the same problems using CG. Fig. 3.4 shows that ekc is a considerably
looser bound on the CG error than eﬁ is on the SYMMLQ error, although both remain true
upper bounds until convergence. As with SYMMLQ, if the error stagnates at convergence,
the “bound” may continue to decrease. We see that increasing d in (3.18) (when using an
accurate estimate of the smallest eigenvalue) improves the bound when A is reasonably
conditioned, but does not have a large impact for ill-conditioned problems. Also, ekc diverges
slightly from the true CG error when the error is roughly the square-root of the maximum
attainable accuracy; in particular, d has nearly no noticeable effect past that point. This is
probably due to ; becoming an order of magnitude smaller than ek
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Figure 3.5: € (u)/|zx — «*|| when running SYMMLQ and CG on two SPD problems for using
various values of Aest = [4A| min |-

3.7.3 Empirical check

To check whether the error bounds behave as upper bounds numerically, we ran SYMMLQ
and CG on all SuiteSparse matrices of size n < 25000 with x(A) < 10'%, resulting in 140
problems. The results are in Appendix B. We used b = 1/y/n and Aest = (1 — 1071%) Apin or
0.1Amin, and terminated when the estimate e,% , Ekc < 10719, We then counted the number of
iterations where €' > |2* —zF || and € > ||z* —z{|| were satisfied. For Aess = (1—1071%) Apin
(0.1Amin), 121 (129) problems had e£ and €{ behave as upper bounds for all iterations, while
for the remaining 19 (11) problems we saw a cross-over at convergence similar to Fig. 3.3b,
with eﬁ and ekc continuing to decrease once the true error plateaued. Thus empirically our
bounds do behave as upper bounds until convergence.

3.7.4 Effect of )\

We briefly investigate the effect of Aest on the tightness of the error bounds (3.10) and (3.17).
We use problems UTEP/Dubcoval and Bindel/ted-B_unscaled again as examples of well-
and ill-conditioned systems.

We observe in Figs. 3.5a and 3.5¢ that for SYMMLQ, €F(pu)/|2* — x£| ~ p~1 after an
initial lag. In the case of Bindel/ted_B_unscaled, an instability occurs for y = 1 — 10710
because the smallest eigenvalue is A| i | ~ 107!, The instability is remedied by using a



3.8. FINITE-PRECISION AND TERMINATION CONSIDERATIONS 25

SYMMLQ Error for PARSEC/Na5 SYMMLQ Error for HB/Ishp3025

- /N

10'F < /= El ====c(10)
————— \

I G

elx. x|

I I I I I I I I I
0 50 100 150 200 250 300 350 400 0 500 1000 1500 2000 2500 3000
Iteration Iteration

(a) PARSEC/Na5 (b) HB/1shp3025

Figure 3.6: € (u)/|z* — x| for two indefinite systems. The Gauss-Radau approach no longer
guarantees an upper bound, but works in some problems. The delay continues to provide a
lower bound.

slightly larger 1 = 1 — 1074, resulting in an almost identical bound without the instability.

For CG in Figs. 3.5b and 3.5d, we also notice that for y < 0.1, the bound loosens by a
factor of u but keeps the same shape. The exception is when p ~ 1, where the bound is fairly
tight until a divergence occurs and the bound nearly overlaps with the curve for p = 0.1.
The closer y is to 1, the later this divergence occurs; however when A i, is very small (as
in Fig. 3.5d), this may result in numerically unstable computations. This is because we
are implicitly solving against the shifted system Ty — Aest/ to compute the bound, which
becomes singular as Aesy approaches Aj,,,|. Similar instabilities for CG A-norm error bounds
were observed in Meurant and Tichy (2015) when the true error approaches the square root
of machine precision.

3.7.5 Indefinite A

We now consider indefinite examples PARSEC/Na5 and HB/I1shp3025 (n = 5822 and 3025,
k(A) ~ 103 and 10%). The former contains few negative eigenvalues, while for the latter,
nearly half of its spectrum is negative. Fig. 3.6a shows that with the negative eigenvalue,
(3.10) is no longer a bound for all iterations, and behaves only as an estimate which often
dips below the true error. However, for many problems, such as for HB/Ishp3025 in Fig. 3.6b,
we see that the error estimate using Ajyin| remains an upper bound (until convergence) and
tracks the true error to nearly an order of magnitude. Underestimation of |, loosens the
bound, but in the case of both problems here, keeps (3.10) an upper bound to the true error,
although this is again heuristic.

3.8 Finite-precision and termination considerations

We must remember that the previous sections assumed exact arithmetic, including global
preservation of orthogonality of the columns of Vi. The question arises whether e,% (3.13)
and eg (3.17) remain upper bounds in finite precision. A rounding-error analysis is needed,
similar to that of Strakos and Tichy (2002) for CG A-norm error lower bounds, but this
remains for future work. The rigorous analysis of Golub and Strakos (1994) shows that
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Gauss-Radau quadrature may not yield upper bounds in finite precision, yet its use in
finite-precision computation remains justified. In all of our numerical experiments with
positive semidefinite A, we have observed that the computed eé and ekC are indeed upper
bounds on the errors in xé and xg until convergence. It may therefore be possible to derive
the error bounds in this paper only using assumptions of local orthogonality in the CG and
Lanczos algorithms.

For positive semidefinite A, we have seen in practice that if A.g is close to A, the error
bounds are remarkably tight. Heuristically, we observe that when Aest is loose, |An|/|Aest| =~
el /|z* — zE|. It was shown in Sections 3.7.2-3.7.3 that the error estimate is an upper bound
until convergence, after which the true error may plateau but ekC and e£ continue to decrease.
This property makes it possible to terminate the iterations as soon as eﬁ or ekC drops below
a prescribed level.

For CG with positive semidefinite A, we have seen that ekc is typically one or two orders of
magnitude larger than the true error for reasonable choices of Aegt. Using the eg termination
criterion will ensure that the error satisfies some tolerance, but CG may take a few more
iterations than necessary to achieve that tolerance.

For SYMMLQ with indefinite A, although eﬁ is not guaranteed to upper bound the error,
it still acts as a useful estimate of the error. Since e£ may diverge from the exact values, if
one additionally monitors the residual it would not be difficult to tell if €& is erroneously
approaching zero. Since eﬁ tends to upper bound the error near convergence, it can still
be used in conjunction with other termination criteria involving the residual and related
quantities, to obtain solutions that probably satisfy a given error tolerance.



Chapter 4

LSLQ: An iterative method for linear
least-squares problems

We propose the iterative method LSLQ for solving least-squares problems (LS):

min 1[|Az —b|?.

zeR™
LSLQ can also handle linear systems (L) and least-norm problems (LN) as special cases. We
often refer to the optimality conditions of (LS), namely the normal equations

ATAz = A™b. (NE-LS)

When Az = b is consistent, LSLQ identifies a solution of (LN). If rank(A4) < n, LSLQ finds
the minimum-length solution (MLS) z* = Ab, where AT is the pseudoinverse.
This chapter is based on (Estrin et al., 2019c).

4.1 Motivation

van Leeuwen and Herrmann (2016) describe a penalty method for PDE-constrained opti-
mization in the context of a seismic inverse problem. The penalty objective ¢,(z,u) depends
on control variable z and wavefields u, where p > 0 is a penalty parameter. For fixed values
of p and z, the wavefields u(z) satisfying V,¢,(z,u(z)) = 0 can be found as the solution of
a linear least-squares (LS) problem in w. The gradient of ¢ with respect to z is subsequently
expressed as a linear function of u(z), say

V.o,(z,u(2) = Gu(z) — g

for a certain matrix G and vector g. Assume now that an inexact solution @ of the LS
problem for u(z) is determined. The error in u translates directly into an error in the gradient
of the penalty function, for

[Vatp(z,u) = Vidp(2, D) < afJu— @] + Blu—al?,  u=ul(z), (4.1)

for certain positive constants « and (. If a derivative-based optimization method is to be
used to minimize the penalty function, there is interest in a method to approximate w in
which the error is monotonically decreasing. Indeed, the convergence properties of derivative-
based optimization methods are not altered provided the gradient is computed sufficiently
accurately in the sense that the left-hand side of (4.1) is sufficiently small compared to
|V.¢,(z,u)|| (Conn, Gould, and Toint, 2000, §8.4.1.1).

We comment on the necessity for LSLQ in order to monitor the error reliably. It is

27
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Figure 4.1: Error along the LSQR, LSMR and LSLQ iterations on problems small and small2
from the animal breeding set. The red curve corresponds to the LSQR iterates generated
as a by-product during the LSLQ iterations. The horizontal axis represents the number of
iterations (each involving a product with A and a product with AT).

sufficient to say that LSLQ applied to problem (LS) is equivalent to SYMMLQ (Paige and
Saunders, 1975) applied to (NE-LS). The key advantage that LSLQ inherits from SYMMLQ
is that the solution estimate is updated along orthogonal directions. As a consequence,
the solution norm increases and the error decreases along the iterations. It happens that
both LSQR and LSMR share those properties (Fong and Saunders, 2011, Table 5.2) but
with important differences. First, LSLQ’s orthogonal updates suggest error lower and upper
bounds initially developed for SYMMLQ in Chapter 3, and which are the subject of Section 4.4.
Second, the error is minimized in LSLQ, while it is only monotonic in LSQR and LSMR. In
spite of the latter observation, the error along the LSQR and LSMR iterations is typically
smaller than for the LSLQ iterations—see Proposition 4.1. This is not a contradiction because
LSLQ minimizes the error in a transformation of the Krylov subspace. Figure 4.1 illustrates a
typical scenario, where the error is represented along the LSQR, LSMR, and LSLQ iterations
on two over-determined problems arising from an animal breeding application (Hegland,
1990, 1993), and where we consider that the solution obtained with a complete orthogonal
decomposition is the exact solution.

Our main objective is to exploit the reliable lower and upper bounds on the LSLQ error
based on those developed for SYMMLQ in Chapter 3. The upper bound on the LSLQ errors
combined with the tight relationship between LSLQ and LSQR leads to an upper bound on
the LSQR error. Thus it becomes possible to end the LSLQ iterations as soon as it becomes
apparent that the upper bound on the LSQR error is below a prescribed tolerance.

Both problems used in Figure 4.1 are rank-deficient and the curves indicate that all
methods tested identify the MLS solution. Problem small2 is included in the illustration
because it is an example where the error plateaus. We return to this point in section 4.4.

We do not consider LSMR further for two reasons. First, it is a consequence of (Hestenes
and Stiefel, 1952, Theorem 7:5) that the LSMR error is monotonic and at least as large as
that of LSQR—see also (Fong and Saunders, 2011, Theorem 2.4). Second, LSMR is a variant
of MINRES (Paige and Saunders, 1975) and we know of no result relating the errors along
the MINRES iterations on an SPD system to those along the SYMMLQ iterations.
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4.2 Derivation

LSLQ is based on the Golub and Kahan (1965) process (Algorithm 2) from which we derive
our notation. By definition, LSLQ applied to (LS) is equivalent to SYMMLQ (Paige and
Saunders, 1975) applied to (NE-LS). From (2.12a) we have

ATAV}, = Vi L 1By = Viep 1 Hy, (4.2)
where
BI'B
Hy = [ k Zk T} , (4.3)
Oék+13k+1€k

while lines 1 and 2 of Algorithm 2 yield A0 = o1 81v1. From here on in this chapter, we use
the shorthand
Qg 1= Oé%-i-ﬁerl, and O :=arfbr, k=1,2,... (44)

As noted by Fong and Saunders (2011) and Section 2.2, the above characterizes the situation
after k + 1 steps of the Lanczos (1950) process applied to ATA with initial vector A7b. For
all £ = 1, we denote

a; B
5 7
Ty := BI' B, = 2 @ , Hy, = lB k T]. (4.5)
. . = e
o B k+1€%
Br o
The k-th iteration of CG applied to (NE-LS) computes 2§ = V;z¢, where ¢ is the

solution of the subproblem
Tz, = Bres. (4.6)

The resulting z{ can be shown to solve the subproblem

minimize ||z* — x| a74, (4.7
e

where Ky, := span{ATb, (ATA)Ab, ..., (ATA)* ATb} is the k-th Krylov subspace associated
with ATA and A7b. LSQR (Paige and Saunders, 1982a,b) is equivalent in exact arithmetic.
The k-th iteration of SYMMLQ applied to (NE-LS) computes y~ as the solution of

minimize 3 |yp|*> subject to Hl ,zf = Biex, (4.8)

and sets xﬁ = kaﬁ. Note that Hkal is the first £ — 1 rows of T} and may be written as
HF | = Bl | L. Comparing to (2.9), we see that % solves the subproblem
minimize |z* — z||. (4.9)
T€ATAK 4
One important distinction between (4.7) and (4.9) is that x{ € ), while zF € (ATA)Ky_1,

a subset of K. By construction, |z* — x| is monotonic along the LSLQ iterates, but as
mentioned earlier, it also happens to be monotonic along the LSQR iterates. A corollary of
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Theorem 3.4 is that the LSQR error is always smaller than the LSLQ error.

Proposition 4.1 Let 2§ = V3¢ and zF = Vizk with 2§ and £ defined as in (4.6)
and (4.8). Then, for all k,

lox | < 2§,
lo* =2 < Ja* = o]l

Note first that Proposition 4.1 holds whether A has full column rank or not. Note also
that Proposition 4.1 does not contradict the definition of LSLQ as minimizing the error
because the latter is not minimized over the same subspace as that used during the k-th
iteration of LSQR.

In the next section we describe the implementation of LSLQ, and we return to the two
errors in section 4.4.

4.2.1 LSLQ: implementation

We identify y£ by way of an LQ factorization of H{ | (as in Section 3.1), which we compute
via an implicit LQ factorization of T, = B} By. As in LSQR and LSMR we begin with the
QR factorization

Y1 92
o (0

R A P N R
Ok (o
Tk

Ry gk

Bl [Bk ﬁ1€1]= 0 ¥,

where PkT = Py rt1... P3P 2 is a product of orthogonal reflections. The j-th reflection
P;j j1+1 is designed to zero out the sub-diagonal element ;41 in By. With 7; := oy it may
be represented as

i+ j i+ i g
j i s Vi _ | din (4.11)
) Y ) _ = - N .
it |8y Cj Bit1 aji1 Vi+1

— 1 _
where v; = (77 + 83,1)2, ¢ = %;/7), 8j = Bj+1/7j, and

div1 = S,
j+1 F&I+1
B ; (4.12)
Vi+1 = —CjQ541-

The rotations apply to the right-hand side 81e; to produce g; defined by the recurrence

Y1 =61, VYr =Wy, Vi =Spk, k=1,2,... (4.13)

It will be convenient to use the notation g, ; = (gx, ¥}, 1)-
The QR factors of By give the Cholesky factorization T} = R{Rk. To form LQ factors
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of Ty we take the LQ factorization
Rk =Mka, Mk = . . . (414)

Initially, &, = 1 so that R = M;. We use the notation of Paige and Saunders (1975) to
indicate that M, differs from the leading k-by-k submatrix Mj, of M in the (k, k)-th
element only, which is updated to ej once dp4+1 = ag+18k+1/7k is computed. This results in
the plane reflection Q ;41 defined by

k k+1 k k+1 k k+1
k €k Okt ck Sk £k
= N , (4.15)
k+1 V41 Sk —Ck Nk+1 €k+1

—92 2 1 —
where e = (&} + 03,1)2, Ck = Er/Ek, Sk = Okt1/€k, and

Nk+1 = Yk+15k, (4.16)

€k+1 = —Vk+1Ck-
Combining (4.10) and (4.14) gives
Hi_y = Bj_Ly = [311131«—1 Oékﬂkek—1] = R, [Rk—l 5k6k—1] .

By construction,

Ry =

Ri_1 Odrep—1 — M1 O
= MpQi = _ | Qk
Vi Th€r_1  Ck

and we obtain the LQ factorization

HT | =RT | [M,H 0] Qr = [Rf_le,l o] On.

With the solution of HkT_lfﬁ = Blel in mind, we consider the system thk = a1 5161 and
obtain t := (71,...,7%) by the recursion

= oS/,

| (4.17)
= =m0/ =2,k

We also consider the systems My 121 = tx—1 and Mz, = t;, and obtain z,_1 :=
(Ciye -y Cro1) and Z, = (2x_1,Cx) by the recursion

(1 = 71/517
G=(m—=Gmy)/ej, J=2.... k=1, (4.18)
Gk = (15 — Co—1mk)/Ek = Ci/ck.
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Then zF = QF lzkoll solves (4.8), while & = Q¥ 'z solves (4.6).

Now let W, := VkQ;‘f = [wl cer W1 u_)k] = [VVk,l u_)k] Starting with x{ := 0

and z§ := 0 we obtain

zf = Viyh = ViQF 0

z = | Zk—
k— 11 =W [ kO 1] = We_12k_1 = l‘i,l + Cr—1Wr—1, (419)
ajkc = Vngik = Wgzk = Wi 12p1 + gkwk = l‘i‘ + E’ka' (4.20)

Thus, as in SYMMLQ it is always possible to transfer to the LSQR point. In terms of error,
Proposition 4.1 indicates that transferring is always desirable.

At the next iteration we have Wj,1; = Vk_HQf_H, where

_ Ck; Sk _
W Vi+1 = |Wg  Wk41] -
Sk —Ck

With w; := vy this gives

Wg = CLWE + SkVk+1, (4.21&)

wk+1 = Sk’u_}k — CkUk+1- (421b)

Because the columns of Wj,_; and W, are orthonormal in exact arithmetic, we have

k-1
l251? = [Wimrzi-1 = 2o ? = D) ¢ = lzioal® + G, (4.22)

Jaf[1? = = [* + G- (4.23)

4.2.2 Residual estimates

The k-th LSLQ residual is defined as r¥ := b — ArL. We use the definition of 2 = V7L,
(2.11), (4.10) and (4.14) to express it as

r,f =b— AVk,fi = Uk+1 (,3161 - kaf)

R
= Uk+1 P (51PE€1 — [ Ok:| Ltﬁ)

M
= Uk+1P% <9k+1 - [ ka} Ty

)
i (- [ 2] )
|

= Ug41Px (9k+1 - 77ka 1
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Jk—1 te—1
= Ug41Px Ve | — | meCre=1 | |»
Yt 0

where g ., is defined in (4.10) and (4.13). It is not immediately obvious that gx_1 = tx_1,
but note that (4.10) yields [Rffl 0] PL = BF | sothat

R _1gr—1 = [Rf_l 0] lgkl =Bl Bie1 = a1frer = Ri_jty—1

Ui

as long as yy_1 # 0. Therefore, if the process does not terminate, we have gr_1 = tx_1 as
announced. By orthogonality of Uy41 and Py we have

2
0

1> = || 6 — mCror || = Wk — meCe—1)® + (Whir)* (4.24)

/!
Vgs1

The top k rows of the parenthesized expression vanish by definition of jkc, and there remains

i

The residual norm for the CG-point can also be computed as

Ry,
0

9k
¢§c+1

Ry | _
’I“kc =0 A.%‘kc = Uk+1Pk (PkTﬂlel — [ 0k1 :U,?) = Uk+1Pk (

Irg | = (BLPE e kr1 = [hiql-

To derive recurrences for the residual norm for (NE-LS), we can use the recurrences
derived in (Paige and Saunders, 1975) for SYMMLQ and CG, which become

JAT7E % = (mew)* G+ (rmm—1)CR1

HAT?",?H = o151 Sk—15k/Ch-

4.2.3 Norm and condition number estimates

Assuming orthonormality of Vi, (4.2) yields V;'ATAV, = BI' By, so that the Poincaré
separation theorem ensures omin(A) < omin(Bk) < Omax(Br) < 0max(A) for all k. Therefore
we may use | By as an estimate of | A|| and cond(By) as an estimate of cond(A) in both the
Euclidean and Frobenius norms. In particular, | Byi1|% = |Bill% + i + 87,1

As in (Fong and Saunders, 2011, Section 3.4), our approximation of cond(A) rests on the
QLP factorization
Mp—, O
PI'B,QT = .
F F Ukegq €k

According to Stewart (1999), the absolute values of the diagonals of the bidiagonal matrix
above are tight approximations to the singular values of By. Thus we estimate

Umin(Bk) il min(el, sy €k—1, |€k|)7 Umax(Bk) x max(el, sy €k—1, |€k|)a
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Algorithm 4 LSLQ

> begin Golub-Kahan process
= initialize variables

> continue Golub-Kahan process

= continue QR factorization

= continue LQ factorization

> optional: (i, = (x/cy
= optional: [ATr{| = |ATre | |sker—1/ck

> optional: z§ = xL + (wy,
= optional: kaCHHQ = HI;CCH2 + ¢

1: 51U1 = b, a1v1 = ATu1

2: 01 =-1, Y1 =0

33 g =011, (o=0

4: cg=1, sg=0

5: [ATrf | = a1p

6: W1 = V1, $1L=O

7. for k=1,2,...do

8: Br+1Uk+1 = Av — oy,

9: Q41Vpr1 = ATulirl — Brr1vk -

10: =W+ 688417 =T/ Sk = Brr1/
11: Ok+1 = 830k +1

12: Y41 = 70;90116_;,_1

13: Tk = —Tk—10k/7k

14: €k = —VkCk-1

15: Nk = VYkSk—1

16: £k = (z’fi + 5]26+1)%, ck = Er/er, Sk = 5k+1/€k
17 k] = ((k-1ck — Cem1mi)? + (Yr-15%)?)2
18: Y = VYr_15),

9. S = v

20 G = (T — Ch—1Mk) /e

a1 |ATrE| = (VRERCE + 67mRc )2

22: WE = CrWg + SkVk+1

23: Wg4+1 = SgWE — CkVUEk+1

24: l’£+1 = Iﬁ + (rwy

25 |loga)? = leg | + G

26: end for

and cond(A) ~ omax(Bg)/0min(Bk), which turns out to be reasonably accurate in practice.

If A™b lies in a subspace spanned by few singular vectors of A, iterations will terminate early

and cond(By,) will be an improving estimate of cond(AV;), where £ is the last iteration.

4.3 Complete algorithm

The complete procedure is summarized as Algorithm 4. As in (Fong and Saunders, 2011,

Theorem 4.2), we can prove the following result using Proposition 2.1 applied to (NE-LS).

Theorem 4.2 LSLQ returns the MLS solution, i.e., it solves

min ||z subject to x € argmin |AZ — b.
TeR™ T

4.4 FError estimates

In exact arithmetic, a least-squares solution z* is identified after at most ¢ < min(m,n)

L

. . x _ L _ Y4 o _ k=1 .
iterations, so that z* =z, , = Zj:1 Cjw;. Because x) = ijl Cjwj, the error may be

written as ef = af , —af = Z?:k ¢jw;. By orthogonality, |ef|? = Z?:k ¢7. A possible
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stopping condition is

1
k 2

> Cf) <elagial (k> d), (4.25)
Jj=k—d

ooy — ol P = (

where d € N is a delay and 0 < € < 1 is a tolerance. The left-hand side of (4.25) is a lower
bound on the error [ef_,||.

As we illustrate in section 4.6, (4.25) is not a robust stopping criterion because the lower
bound may sometimes underestimate the actual error by several orders of magnitude. In the
following sections, we develop a more robust estimate defined by an upper bound.

4.4.1 Upper bound on the LSLQ error

Chapter 3 develops an upper bound on the Euclidean error along SYMMLQ iterations for a
symmetric positive semidefinite system. The bound leads to an upper bound on the error
along CG iterations. We now translate those estimates to the present scenario and obtain
upper bounds on the error along LSLQ and LSQR iterations for (LS). We begin with an
upper bound on the LSLQ error.

By orthogonality, |2* — 2L[? = |2*[? — |2£|?, and because ||z£|? can be computed, an
upper bound on the error will follow from an upper bound on |2*|?. Assume temporarily

that m > n and that A has full column rank, so that A”A is nonsingular. We may express
|lz*|? = b7 A(ATA) 2 ATy = bT Af(ATA) AT,

where f(£) := £72 is defined for all £ € (0, 03], and where we define f(ATA) := Pf(27%)PT
with A = QEPT the SVD of A. In other words, if p; is the i-th column of P and o; is the
i-th largest singular value of A,

n

FIATA) = > f(o])pipy -

i=1

We have from line 2 of Algorithm 2 and (4.4) that ATb = 5jv; and therefore
Hz*szﬂ_%Zf(giz)y’?v i ::p,irvla i=1...,n
i=1

When A is rank-deficient, ATA is positive semidefinite and singular, but (NE-LS) remains
consistent. In addition, the MLS solution of (LS) lies in range(AT). Let r be the smallest
integer in {1,...,n} such that 0,41 = -+ = 0, = 0 and o, > 0. Then rank(A) = r =
dimrange(AT) and the smallest nonzero eigenvalue of A7A is 02. By the Rayleigh-Ritz
theorem,

o2 = min {|Av|? | v € range(A”), [v]| = 1}.

Note that each v; € range(AT) and that (4.2) implies T}, = VI ATAV}, in exact arithmetic.
Hence, for all u € R* with |u| = 1, we have |Viul| = 1 and v Tyu = | AViu|? = 02 > 0, and
each T}, is uniformly positive definite, despite the fact that ATA is singular.

Thus, in the rank-deficient case, ATA =Y.' o?p;pl’. The only difference with the
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full-rank case is that the sum occurs over all nonzero singular values of A. Therefore, we

-2 ifg
f(&) = {5 fe=0 (4.26)

need only redefine

0 if x =0.

Because each z& and each z{ € range(AT), the LSLQ and LSQR iterations occur in
range(A”T) exactly as if they were applied to the r-by-r positive-definite system

PTATAP.z = PT A",

where P, = [p1 e p,«] and x* = P.Z. A consequence of the above discussion is that

r
”m*HZZﬁfo(UiZ)IUJ?v Hi :IpITUh =10
i=1

The problem is thus reduced to upper bounding a quadratic form as described in
Section 2.3.1 using Gauss-Radau quadrature. We begin with a paraphrase of Theorem 2.3.

Proposition 4.3 Suppose f : R — R is such that 217D (¢) < 0 for all £ € (62, 0%) and
all § = 0. Fix 0est € (=04, 01), Oest # 0. Let Ty, = BFBy, be the tridiagonal generated after
k steps of Algorithm 2 and wy, € C be chosen so that the smallest eigenvalue of

~

k=13 T 2 2
Bre,_, o + wp

Th—1 Brer—1 ]

is precisely o2,,. Then,
bTAf(ATA)ATo < B2el f(Th)es.

Thus Proposition 4.3 applied to f defined in (4.26) provides an upper bound on [z*|?.

Note that the Poincaré separation theorem ensures that the smallest eigenvalue of each
Ti_1 is at least a? and that the Cauchy interlace theorem guarantees that the smallest
eigenvalue of fk is smaller than or equal to that of T;_;. Thus it is possible to choose wy,
satisfying the requirements of Proposition 4.3.

We now comment on the surprising fact that wj; € C in Proposition 4.3. To avoid forming
T and T“k explicitly, we would prefer to pick a nonzero oes: € (0, 0,.) and seek wy, such that
Oest 18 the smallest singular value of

wWie

L’fT] . (4.27)

The fact that wy € C is a departure from the computations of Chapter 3, which established
that the last diagonal of T}, is real: o2 + w? € R. In order for @? to be real, @, must be
either real or purely imaginary. In a numerical implementation of (4.27), although it is
possible to avoid computations in complex arithmetic, we do observe corrections oy such
that the last diagonal is strictly less than o2, i.e., such that cwy is purely imaginary.

An alternative strategy that avoids complex numbers altogether is to pick a nonzero
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Oest € (0, 0,) and seek wy such that oes; is the smallest singular value of

~

Ry = (4.28)

Ri_1 drer—1
Wi '

Note that Ry, differs from Ry, the R factor in the QR factors of By, (4.10), in the (k, k)-th
entry only. In addition, if Ry is the Cholesky factor of T, its diagonals are guaranteed to be
real and positive and the smallest eigenvalue of T}, will be o2,.

As earlier, the Poincaré separation theorem guarantees that the singular values of each
Ry _1, which are the same as those of By_1, lie between o, and o1, and the Cauchy interlace
theorem for singular values guarantees that it is indeed possible to choose wy so that the
smallest singular value (4.28) is 0es¢. We restate Proposition 4.3 with the above in mind.

Theorem 4.4 Suppose f : R — R is such that f*D(¢) < 0 for all € € (02, 07) and
all j 2 0. Fiz oest € (0, 0,.). Let By, be the bidiagonal generated after k steps of Algorithm 2
and wy, > 0 be chosen so that the smallest singular value of (4.28) is precisely oest. Then,

b Af(ATA)ATb < B2eT f(RT Ry )er.

In order to determine wy, we follow Golub and Kahan (1965) and embed Ry, into a larger
symmetric matrix to change the singular value problem into an eigenvalue problem. Indeed,

0 R
O (4.29)
has eigenvalues +o;(Ry). Define
0 m
71 0 62
52 0 72 R Yor—2 Opear—2
Yor_o:= v2 0 63 , Yor = 5k62Tk_2 0 Wk
93 .0 Wi 0
' Vk—1
V-1 0

Note that 17% is a symmetric permutation of (4.29) and therefore shares the same eigenvalues.

If 0oy is an cigenvalue of Yoy, and A(¥) = (x1,..., yax) is a corresponding eigenvector, then
(}/Qk - Uestl)h@k) = 0, that iS7

2k
Yor o — Oest]  Orear—2 hék_)g
T _
6k62]€_2 —Oest Wk X2k—1| = 0.
Wi —Oest X2k

Necessarily, xor_1 # 0 because otherwise h(**) = 0 entirely. Thus we may fix yar_1 = 1.
The first block equation reads (Yag_o — Uestl)hgf_)2 = —dpeor_o. Let yor_o be the last entry

of héik_)w which can be computed by updating the QR factors of Yo;_o as in Section 3.2.2.



38 CHAPTER 4. LSLQ: AN ITERATIVE METHOD FOR LEAST-SQUARES

In order to compute wy, note that the last two equations,

6r —Cogs Wi X2k—2
es 1 :0’

X2k

WE —Oest

imply that wy = \/Ugst — OestOkX2k—2-

With wy, computed, we have ﬁgﬁk =T k- We are now interested in efficiently computing
the upper bound
la*(* < Biel f(Ri Ri)er = Biei (Ri Ry,)%er. (4.30)
The LQ factorization Rk = Mkék provides the LQ factorization T k= R%]\Ajk@k, which in
turn yields

o~ ~ 2
Jo*2 < |3 3 By e

= | M7 ) = 2%

where we define #;, and 2 from ngk = Bre; and Mkik = {; as in Section 3.2.2. We
determine the LQ factorization Ry = M Q. from

Re1 Orer—1| _ | Mr— Qr-1
Wik ﬁkeg_l gk 1

Thus @k = Q) and Mk differs from My, in the (k,k — 1)-th and (k, k)-th entries only, which
become

~

Ry =

~

Mk = WeSk—1, k= —WkCk—1-

Recalling the definition of ¢ in (4.17) and z;—1 in (4.18) we observe that

tp = ltkfll and Z = lzk:ll , (4.31)
Tk Ck

where
Th = —Th—10k /Wi = Tee/we  and (G = (Th — MeCr—1)/Ek- (4.32)

From (4.22) and orthogonality of W), we now have

la* =2k ? = J2*1? = ek ® < Jana® + G = Jan|® = G- (4.33)

4.4.2 Upper bound on the LSQR error

Obtaining an upper bound on the LSQR error is of interest for two reasons. First, LSLQ
may transfer to the LSQR point at any iteration using a simple vector operation—see (4.20).
Second, LSQR always produces a smaller error, as formalized by Proposition 4.1.
Based on Proposition 4.1, we wish to use the upper bound (4.33) and the transition (4.20)
to the LSQR point to terminate LSLQ early and obtain an iterate with an error below a
prescribed level. Evidently the same upper bound (4.33) could be used, but (3.17) provides
the improved bound
ot —af)2 < & - &, (4.34)
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where (; is defined in (4.18) and ( is in (4.32). The bound can further be improved using
(3.18) using an additional O(d) flops and storage by computing 9,(;1) > 0 such that

* e e d
lo* —2l)2 < 3 — 2 — 20\

4.5 Regularization

LSLQ may be adapted to solve the regularized least-squares problem

Rt

where A > 0 is a given regularization parameter. The optimality conditions (NE-LS) become

2

L , (4.35)

minimize 5
xeER™

(ATA + X1z = A%b. (4.36)
If we run Algorithm 2 on A only, we will produce the factorization

A
A

By,
by

Uki1

Vi = Vi

, (4.37)

which we can compare to the factorization achieved when running Algorithm 2 on the entire
regularized system,

A

\r | Ve = Ups1 B = Ui | N . (4.38)

G,
Br+1

Note that V, will remain unchanged, as can be seen from the equivalence between the
Golub-Kahan process and the Lanczos process on the normal equations (Saunders, 1995).
Given Bk, we could run the non-regularized LSLQ algorithm (using & and B instead of v and
B) to obtain all of the desired iterates and estimates. The idea is then to compute By, via
Golub-Kahan on (A, b), cheaply compute each & and Bk and use them in place of ay and
Bk in the rest of the algorithm. For k = 3, the factorization proceeds according to Fig. 4.2.

We use 1 to zero out Ak, which transforms a1 into épy1 and introduces a nonzero
5\k+1 above A in the next column. We then use a second reflection to zero out S\kﬂ using A,
which produces Ag4+1. With Ay = A, the recurrences for k > 2 are

% 2 2,1
Brr1 = (Big1 + k)2,
. .
¢k = Br+1/Br+1,
. .
S = )\k/ﬁkﬂ
T ’ (4.39)
A1 = Cp Ok41,
N1 = Sp Qs 1,

(A2 +A2)7.

Akt1
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ay a1 [
B2 a2 B2 G2 B2 Go
Bs a3 Bs a3 B3 a3
Ba| — Ba| — Ba
A o
A A A2
| A | A A
*Q1 ] [ o1 ] 4%1 7
B2 G2 B2 o B2 b2
Bs as Bs as B3 b3
— Ba| — Ba| — Ba
A3
B A | A3 ] L |

Figure 4.2: Reducing [B,? )\I]T to By, for k = 3 via Givens rotations.

With A > 0, the operator of (4.35) has full column rank, i.e., 7 = n, and satisfies o, = A.
Theorem 4.4 then states that we should select oest € [\, 0y,) if A is nearly rank-deficient
(choosing o5t = A works well if A is nearly rank-deficient).

4.6 Numerical experiments

We use the Julia LSLQ implementation! with the relevant error bounds for the follow-
ing experiments. The exact solution of (LS) was computed using a complete orthogonal
decomposition of A via the Factorize package (Davis, 2013).

4.6.1 Problems from the animal breeding test set

In this section, we use test problems from the animal breeding collection of Hegland (1990,
1993). These over-determined problems have rank-deficiency 1, come in two flavors and sizes,
and have accompanying right-hand sides. In the first flavor, a single parameter is fitted per
animal, while in the second flavor, two parameters are fitted per animal and A has twice as
many rows and columns. The nonzero columns of A are scaled to have unit Euclidean norm.
We begin with an illustration of the non-robust lower bound (4.25) based on a delay d.
Figure 4.3 plots the actual LSLQ error along with the lower bound with delay (window size)
d = 5 and 10 iterations for problems large and large2. The behavior seen is typical. As in the
left-hand plot, the lower bound tends to follow the exact error curve tightly when the latter
is strictly decreasing. But as the right-hand plot shows, it tends to underestimate the actual
error by several orders of magnitude when the latter plateaus, and requires a fair number of
iterations to recover, rendering the (4.25) unreliable by itself. In both plots, the stopping
test used is (4.25) with e = 1071°. The curves for d = 5 and 10 are almost the same.
Figure 4.4 illustrates the behavior of our upper bound (4.33) on problems large and
large2 with regularization: a typical scenario for rank-deficient problems whose smallest
nonzero singular value is unknown. For a given value A\ # 0, the smallest singular value of
the regularized A is o, = |A|. Experiments in Section 3.7.2 show that the upper bound is
tighter when |oeg| is closer to |0, |, but they do not consider the effect of regularization. For

Thttps://github.com/JuliaSmoothOptimizers/Krylov.j1l
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large: 28254 x 17264 large2: 56508 x 34528
=~ actual LSLQ L\ —— actual LSLQ
104 4 —— window=5 104 4 —— window=5
= window=10 = window=10
102 102 4
10° - 10° 4
1072 A 102
1074 A 10-4 4
107 T T T T T T T T T T T T
0 50 100 150 200 250 0 100 200 300 400 500

Figure 4.3: Error along the LSLQ iterations on problems large and large2 from the animal
breeding set. The red and blue curves show the lower bounds with d = 5 and d = 10.

large: 28254 x 17264, A = 1.0e-04, Ocst = 1.0e-04 large2: 56508 x 34528, A = 1.0e-04, 0cst = 1.0e-04
—— actual LSLQ —— actual LSLQ
1011 —— window=5 1011 4 —— window=5
= window=10 —— window=10
LSLQ upper bound LSLQ upper bound
108 - 108 4
5
10 1054 o
102 4 102 4
1071 4 10-1 4
107 A 1071
0 50 100 150 200 250 0 100 200 300 400 500
large: 28254 x 17264, A = 1.0e-02, Oest = 1.0e-02 large2: 56508 x 34528, A = 1.0e-02, Ot = 1.0e-02
—— actual LSLQ s —— actual LSLQ
. 10°4 .
107 4 ——— window=5 —— window=5
—— window=10 —— window=10
" LSLQ upper bound 10° A LSLQ upper bound
10° A
104 4
103 4
102 4
101 4
100 4
1071 4
1072 4
10—3 4
1074 4
1075 4
T T T T T T 10°¢ T T T T T
0 50 100 150 200 250 0 100 200 300 400

Figure 4.4: Error along the LSLQ iterations on problems large and large2 with regularization.
The red and blue curves show the lower bounds with d = 5 and d = 10. The cyan curve
shows the upper bounds for A = 107 (top) and A = 10~2 (bottom).
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large: 28254 x 17264, A = 1.0e-04, Ocst = 1.0e-04 large2: 56508 x 34528, A = 1.0e-04, 0cst = 1.0e-04
1013 J
—— actual LSQR —— actual LSQR
1011 LSQR upper bound LSQR upper bound
1010 4
108
107 4
10°
104 4
102
101 4
1071 B
1072
1074
1073
(’) 5’0 1(’)0 150 260 2%0 6 160 260 3(30 460 560
large: 28254 x 17264, A = 1.0e-02, Oest = 1.0e-02 large2: 56508 x 34528, A = 1.0e-02, Ot = 1.0e-02
109 J
—— actual LSQR —— actual LSQR
107 4 LSQR upper bound 107 4 LSQR upper bound
10° 105 4
1034 103 4
10* 10! 4
1071 10-1 4
1073 4 1073 4
1075 10-5
1077 10-7

160 260 360 460

oA

100 150 200 250

=)
v |
=)

Figure 4.5: Error along the LSQR iterations on problems large and large2 with regularization.
The cyan curve shows the upper bounds for ge.; = 107* (top) and oest = 1072 (bottom).

each value of A\ > 0, we set 0es := (1 — 1071%) X\ and measure the error with respect to the
solution of the regularized problem.

We observe from Figure 4.4 that increasing A (and hence o.5:) substantially improves
the quality of the upper bound. The reason may be that Tk is moved further away from
singularity. In the case of large2 with A = 1072, the upper bound is exceptionally tight after
about 100 iterations. As A decreases, the upper bound deteriorates, although it remains a
potentially useful bound as long as A # 0.

In Figure 4.5, we compute the bound (4.34) on the error along the LSQR iterates or,
equivalently, along the LSQR points obtained by transitioning from a corresponding LSLQ
point. As with LSLQ, the quality of the LSQR upper bound deteriorates when A, or its
regularization, approaches rank-deficiency. The LSQR bound appears somewhat looser than
the LSLQ bound, although it could be tightened using (4.34).

The next experiment illustrates the upper bounds for rank-deficient problems when
we have knowledge of o,.. A sparse SVD reveals that the smallest nonzero singular value
after scaling is approximately o, = 0,_1 ~ 0.0498733 for problem small and o, = 0,1 &
0.00499044 for small2. In each case, we set 0est = (1 — 10_10) 0n—1. In practice, one may
need to underestimate further in order to account for inaccurate o,.

As the error bounds in Figure 4.6 are quite tight, it seems important to supply an estimate
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small: 3140 x 1988, Ot = 5.0e-02 small2: 6280 x 3976, Ocst = 5.0e-03
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Figure 4.6: Error along the LSLQ and LSQR iterations on problems small and small2 without
regularization. Both problems have rank-deficiency 1.

of o, in rank-deficient problems if such knowledge is available. In Figure 4.6, LSLQ stops as

soon as the upper bound on the LSQR error falls below 10~19||z{.

4.6.2 The seismic inverse problem

The least-squares problem arising from the PDE-constrained optimization problem described

7

where p = 0.1 is fixed, A is a square 5-point stencil discretization of a Helmholtz operator,

in Section 4.1 has the form

2

minimize 1

nimize 3 (4.40)

)

P is a sampling operator (some rows of the identity), and ¢ and d are fixed vectors. We
experimented with a case in which n = 83,600 and P has 248 rows. The columns of the
operator were not scaled as in the previous section, as that reduced the performance of LSLQ.
A complete orthogonal decomposition, used to compute the exact solution, reveals that the
operator of (4.40) has full rank but its smallest nonzero singular value is O(107°). A partial
sparse SVD suggests that there are several small singular values. To obtain upper error
bounds, it was necessary to set gess = 1077 to avoid domain errors in computing the square
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Full-Wave Inversion: 83848 x 83600, Oest = 1.0e-07 Full-Wave Inversion: 83848 x 83600, A = 1.0e-04, 0et = 1.0e-04
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Figure 4.7: Error along the LSLQ and LSQR iterations on the seismic inverse problem
without regularization (left) and with regularization (right).

root in the expression for wy preceding (4.30).

The left plots of Figure 4.7 illustrate the upper and lower bounds on the error and the
large number of iterations needed to decrease the error by a factor of 10'°. The bounds
on the LSLQ and LSQR errors nonetheless track the exact errors quite accurately, with the
upper bound on the LSQR error overestimating by one or two orders of magnitude. Though
the factor 10! is far too demanding in practice, it illustrates that many iterations are likely
when there are many tiny singular values. The situation is similar when the problem is
regularized and the error is measured with respect to the exact solution of the original,
unregularized, problem. The right plots of Figure 4.7 show the bounds in the presence of
modest regularization A\ when the error is computed with respect to the exact solution of the
regularized problem. Dramatically fewer iterations are needed to achieve a corresponding
decrease in the error. Note the remarkable tightness of the LSLQ and LSQR bounds, with
the LSQR upper bound consistently overestimating by about one order of magnitude. The
improved performance on the regularized problem suggests that a regularized optimization
approach, such as that of Arreckx and Orban (2018), could be appropriate.



Chapter 5

LNLQ: An iterative method for linear
least-norm problems

We complete the trifecta of LQ methods by introducing LNLQ for solving consistent least-norm
problems (LN):

2* := min |z| subject to Az =b.
zeR™
A unique y* solves the problem

min |y| subject to AATy = b, (5.1)
yeR’"l

and (z*,y*) is the least-norm solution of the normal equations of the second kind:
I AT

* 1 - H . (NE-LN)
—y b

AATy =b, 2= ATy — 4

LNLQ can also handle linear systems (L) as a special case.

This chapter is based on (Estrin et al., 2019e).

5.1 Motivation

Block linear systems of the form (NE-LN) occur during evaluation of the value and gradient
of the penalty function for constrained optimization of Part II. Our main motivation is to
devise reliable termination criteria that allow control of the error in the solution of (NE-LN),
thus allowing us to evaluate inexact gradients cheaply while maintaining global convergence
properties of the underlying optimization method. Our approach follows the philosophy of
Chapters 3 and 4 and requires an estimate of the smallest singular value of A. Although
such an estimate may not always be available in practice, good underestimates are often
available in optimization problems, including PDE-constrained problems—see Section 5.7.

Arioli (2013) develops an upper bound on the error in z, along the CRAIG (Section 2.2.4)
iterations based on an appropriate Gauss-Radau quadrature (see Section 2.3.1), and suggests
the seemingly simplistic upper bound |y — y*| < ||z — 2*||/o,, where o, is the smallest
nonzero singular value of A. Although his bound is often effective, we derive improved
bounds for CRAIG using LNLQ by introducing a delay d as in (Golub and Strakos, 1994).

45
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5.2 Derivation

LNLQ is based on the Golub and Kahan process (Algorithm 2); LNLQ applied to (LN) is
equivalent to SYMMLQ (Paige and Saunders, 1975) applied to (NE-LN). Identity (2.12b)
yields

L,LT
AA"U}, = U1 Brs1 LT = Upsr Hy,,  where Hy, = MR (5.2)
Bty
while line 1 of Algorithm 2 yields b = Syuy. For this chapter, we use the shorthand
@ =af, ag:=ai+pB;, and B i=apfril, k=2,3,... (5.3)

As noted by Fong and Saunders (2011), the above characterizes the situation after k + 1 steps
of the Lanczos (1950) process applied to AAT with initial vector b. For k > 1, we denote

Tyi= LTL, = |72 @ C Hy = 7T’“T. (5.4)
IR Bk Bk-‘rlek

Br  au

Note that Ty is k-by-k and tridiagonal, and Hy is (k + 1)-by-k.

5.2.1 CRAIG

The kth iteration of CG applied to (NE-LN) computes y$ = Uy¢, where Txy$ = Bier. In
exact arithmetic, xkc = ATyg is equivalent to the CRAIG iterate. Paige (1974) also provided
an equivalent description based on Algorithm 2:

Lty = Bieq, zf) 1= Vity = 51 + Thvg, (5.5)

where ty, := (71,...,7k), and the components of ¢;, can be found recursively from 7, = 51/,
7; = —BjTj—1/a; (j = 2). The residual for CRAIG is

rd i=b— Azl = Biuy — AVity = Upt1(Brer — Bity) = —Br1 ThUk+1- (5.6)

Many of the following results can be found scattered in the literature. For completeness,
we gather them here and provide proofs.

Proposition 5.1 Let z, be the solution of (LN) and y. the associated Lagrange multiplier
with minimum norm, i.e., the solution of (5.1). The kth CRAIG iterates xkc and y,g solve

z§ = argmin 1|z — z.|? subject to z € range(V}), (5.7)
x

= argmin 1|z|? subject to z € range(V},), b — Az L range(Uy), (5.8)
x

ys = argmin 1|y — yu|%4r subject to y € range(Uy), (5.9)
y

= argmin +yl%4r subject to y € range(Uy), b — AATy 1 range(Uy). (5.10)
y
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When A is row-rank-deficient, the (AAT)-norm should be interpreted as a norm when
restricted to range(A).

Proof. Assume temporarily that A has full row rank, so that AA” is symmetric positive
definite. Then there exists a unique y, such that z, = ATy, and

C C C
l2§ — 2] = ATy =yl = Ivk — yel aar.

In words, the Euclidean norm of the error in xj; is the energy norm of the error in .
Theorem 6:1 of Hestenes and Stiefel (1952) ensures that yg is chosen to minimize the energy
norm of the error over all y € range(Uy), i.e., y¢ solves (5.9).

To y € range(Uy,), there corresponds x = ATy € range(ATU},) = range(V; LT) = range(Vj,)
by (2.11) because Ly, is nonsingular. Consequently, CRAIG generates 2§ as a solution of (5.7).

When A is rank-deficient, our assumption that Az = b is consistent ensures that AATy = b
is also consistent because if there exists a subpace of solutions x, it is possible to pick the one
that solves (NE-LN), and therefore b € range(AAT). Kammerer and Nashed (1972) show that
in the consistent singular case, CG converges to the solution y, of (5.1). Let r < min(m,n)
be such that ¢, > 0 and 0,11 = - = Onin(m,n) = 0. Then rank(A4) = r = dimrange(A)
and the smallest nonzero eigenvalue of AAT is o2. The Rayleigh-Ritz theorem states that

o7 = min {|A"w|?® | w € range(A), |w| = 1}.

By (2.11), each uy € range(A), and (5.2) and (5.4) imply that Ul AATUy, = T} in exact
arithmetic. Thus for any ¢ € R¥ such that |[¢| = 1, we have ||Uxt| = 1 and

tTUF AATURt = tT Tt = o2,

so that the T} are uniformly positive definite and CG iterations occur as if CG were applied
to the positive-definite reduced system PT AATP,j = PTh, where P, is the m x r matrix
of orthogonal eigenvectors of AAT corresponding to nonzero eigenvalues. Thus in the
rank-deficient case, y¢ also solves (5.9) except that the energy norm” is only a norm when
restricted to range(A), and x§ also solves (5.7).

To establish (5.8), note that (5.5) and (5.6) imply that $ is primal feasible for (5.8).
Dual feasibility requires that there exist vectors Z, § and Z such that z = z + ATU,7,
VkTZ =0 and x = V;Z. The first two conditions are equivalent to Vka =0+ VkTATng =
BkTUkTHngj = L{g. Because x = V7, this amounts to Z = LY g. Thus dual feasibility is
satisfied with T := :Tcg, Y= g]g and z := 0. The proof of (5.10) is similar. 0

5.2.2 LNLQ: implementation

By contrast, LNLQ iterates are defined by y,f = ngj,%, where y% is the solution to

minigmize 1|g|* subject to H_,j = Bier. (5.11)

As in SYMMLQ, the computation of g,f follows from the LQ factorization of Hkal, which
can be derived implicitly via the LQ factorization of T} = LkLg. As Ly is already lower
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triangular, we only need the factorization
LT = Mka, Mk = = _ 5 5.12
¥ Meei_y &k (5:12)

where Q7 = Q12Q23 ... Qk—1 is orthogonal and defined as a product of plane reflections,
where @;_1,; is the identity except for elements at the intersection of rows and columns j —1
and j. Initially, &1 = a3 and Q1 = I. Subsequent factorization steps are represented as

j—2 j—1 j ji—2 j—1 J j—2 j—1 Fi
i—1 | mj—1 Ei—1 By 1 I I/ S = |
- — I
d a;j G 8 no &
S5 TG

where the border indices indicate row and column numbers, with the understanding that
7j—1 is absent when j = 2. For j > 2, Q;_1,; is defined by

€jo1= m ¢ =E&j-1/€-1, 85 = Pi/gj-1,
and the application of @;_1 ; results in
N = Q;8j, € = —Q; Cj. (5.13)

We may write H/?_1 = [Lk,1L£_1 akflﬁkekfl] = Lk;fl [Lg—l ﬁkekfl] . From (512),

o7 - [L£1 ﬁkek—ll _ [Mk—l ) 1 Qr = [L{71 5k€k—1] = [Mk—l 0] Qk.

Qe 17]66%171 Ek
Finally, we obtain the LQ factorization

HE | = [Lk_le_l 0] Ox. (5.14)

5.2.3 Definition and update of LNLQ iterates

To solve HE | gE = B1e; using (5.14), note that we already have Ly_1t,_1 = fre1 (5.5), with
the next iteration giving 7, = —Bk7g—1/a). Next, we consider My_1z,—1 = tx—1 and find the

components of zx_1 = ((1,. .., Ck,l)irecursively as (1 = Ti/e1, ¢ = (fj — njCj,l)/EJ; (j = 2).
This time, the next iteration yields ¢ = (1% — kCr—1)/Ek and ( = (x€k/ek = Cr+1Ck. Thus,

_ 2k - 2k _
gk =QF [ kO 11 and 7c = QF [ Z;] =Qf %, (5.15)

solve (5.11) and Ty7$ = Bie; respectively, matching the definition of the CRAIG iterate.
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By construction, y,f = ng,f and ykc = ngj,?. We define the orthogonal matrix
Wi = UpQ} = [w1 T W1 'wk] = [qu ﬁ/k], wy 1= uy,

so that (5.15) with z;,_1 and 2z, := (2x_1, (&) yields the orthogonal updates

e 42
K =Wk l ko 1] = Wi12k-1 = Yb_1 + Ceo1Wk—1, (5.16)
Y = Wizp = W12k + Geog, = y- + Gty (5.17)

Because W}, is orthogonal, we have
i 1? = lzr—1]® = 28 and [y |* =y |* + G- (5.18)

Thus |y¢| = |yE|, |y | is monotonically increasing, ||y. — y£| is monotonically decreasing,
and [y. — & = |y« — y$ ||, consistent with Theorem 3.4.

Contrary to the update of y,? in CRAIG, y]f is updated along orthogonal directions and
yg is found as an orthogonal update of y%. The latter follows from the transfer procedure of
SYMMLQ to the CG point described by Paige and Saunders (1975).

At the next iteration,

k kE+1
_ _ Ck+1 Sk+1

W Wg+1| = |[Wkr  Ug+1
Sk+1  —Ck+1

= Wk = Ck+1Wk + Sk+1Uk+1,

Wg4+1 = Sk+1Wk — Chk41Uk+1-

5.2.4 Residual estimates

We define the residual
rr:i=b—Ax, =b— AATUkﬂk = Uk+1(6161 — Hkgk)

using line 1 of Algorithm 2 and (5.2), where g, is either & or g,f. Then for k > 1,

0

_ Ly 1 My Zk—1
5k€£71 Ak nkegfl €k 0

| Lk te—1 | _ Biel
Bref_y an | | meCe—a BreTh—1 + axneCro1 |’

z
Tvup = L L g = LkMkaQTl h- 11
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where we use (5.12), the definition of ¢;_; and z,_1, and (5.15). Note also that the identity
Qrer = Spep—1 — cpey, yields

_ Zk—1
ey = erQp [ 0 ] = SpCk—1-

The above and (5.2) combine to give

0
e LiLT |
k= Un ([610 11 - [ F kT] y;f) = —Uky1 | BeTo—1 + arnrCr—1

Bk+1€ >
g Bre+156Ck—1

= — (BrTh—1 + artkCh—1)uk — Brs18kCh—1Uk 1. (5.19)

By orthogonality, the residual norm is cheaply computable as

> 2
IrE1? = (Brmit + ariiCo1)” + (Brr15uCri) -

Bie1 T, e
0| Bk+1€£ N

0 Rk—1
T T F
Ske_q — Ckey, Ck

= —Bri1(skCr1 — crr)uri, (5.20)

Similarly,

0 T_
Bk+1€£] i %

= — Br+1Uk11

where we use T}y = Bier (by definition) and (5.15). Orthogonality of the u; yields orthog-
onality of the CRAIG residuals, a property of CG (Hestenes and Stiefel, 1952, Theorem 5:1).
The CRAIG residual norm is simply

& = Brst IskCo—1 — crCrl.

In the next section, alternative expressions of |rf| and |r{|| emerge.

5.2.5 Updating ¢ = ATy
The definition y; = U@y and (2.11) yield zy = ATy, = ATU,yy = Vi, LEyx. The LNLQ and
CRAIG iterates may then be updated as

2l
ﬁ=w$%=wﬁml%ﬂ

M1 Zp—1
77;&{71 EL 0

= VicaMp—126-1 + MCr—10k
= Vi—1tk—1 + MeCr—1Vk, (5.21)

Zk—1

= Vi, Mj, 0

=V
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and similarly,

My, Zh— -
C k-1 k—1 L _
zy =V _ ~ =z + ExCrUk. 5.22
g Mket_y 51@1 [ Ck ] F (5:22)
Because Vj is orthogonal, we have
k-1 k-1
\mk H2 Z T + (M Cr— 1) and ka H2 Z T + (MCr—1 + Eka) . (5.23)
j=1

Both xf and l‘kc may be found conveniently if we maintain the delayed iterate Tj_1 :=
T+ + Tp—1Vk—1 = Tk—2 + Tk—1Vk—1, for then we have the orthogonal updates

xé = Tr—1 + MxCr—1vr and xkc = Tp—1 + (MeCr—1 + ék@f)’uk. (5.24)

Proposition 5.2 We have £,(; = 71 and for k > 1, n3.Cr—1 + ExCx = 1. This gives the
same expressions as for standard CRAIG:

k
of = Y ok and ) = —Briamrugg.
Jj=1
Proof. The identity for k = 1 follows from the definitions of &, i, and 7,. By definition

of (i, we have &,.C, = 7% — NeCo—1, 1.€., NeCi1 + ExCr = T&. The expressions for xkc and rg
follow from (5.24) and from (5.20), the definition of Bj41, and (5.13). 0

Proposition 5.2 shows that x{ is updated along orthogonal directions, so that [z{ | is
monotonically increasing and |z, — z{| is monotonlcally decreasing, as stated by Paige
(1974). Finally, (5.21) and Proposition 5.2 give & = 2§ | + n.Ce_1v%.

Proposition 5.2 allows us to write 7, — nxCy—1 = €x(r. Because BpTh_1 = —Tk, the
LNLQ residual may be rewritten

T = a(Te — MCh1)uk — Brr15kCom1Uht1
= €tk — ok Br+156Ch—1Uk+1,
and correspondingly, |7f|* = af ((€Ck)* + (Br+15KCe-1)%)-

Proposition 5.3 Let x, and y, solve (5.1) and (NE-LN). The kth LNLQ iterates yF
and zE£ solve

rE = argmin Lo — . H%AAT)T subject to x € range(Vy_1), (5.25)
= argmin %||a:||%AAT)T subject to x € range(Vy), b — Az L range(Ux—1),  (5.26)
YL = argmin 1y — y.|? subject to y € range(AATU;,_1), (5.27)

y
= argmin 1]y|? subject to y € range(Uy), b — AA™y L range(Uy,_1). (5.28)
y

When A is row-rank-deficient, the (AAT)-norm should be interpreted as a norm when
restricted to range(A).
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Algorithm 5 LNLQ

1: Biurs = b, ajv; = ATy > begin Golub-Kahan process
2: &1 =, 11 = P/, 51 =T11/81 > begin LQ factorization
3w =0, w1 =u

4yt =0,yf =G

5 2k =0, 2 =m0y

6: for k=1,2,...do

7: Brr1uk+1 = Avk — aguy > continue Golub-Kahan process
8: p1Vk41 = ATug 1 — Brp1vk

9: er = (€2 + ﬂ,zﬂ)% = continue LQ factorization
10: Cht1 = Ek/Eks Sk41 = Br+1/€k

11: Mh+1 = Qk415k+15 Ek+1 = —Ok41Ck+1

12: Ck = Ccry1Ch> Corr = (Thy1 — M 1Ck) /Ers1 = prepare to update y
13: Wk = Ck1Wg + Sk41UE+1, Wkt1 = Sk+1Wk — Ck+1Uk+1

14: y/€+1 = y,f + Crwy, > update y
15: y/?.t,_l = y;€+1 + Cr1Wk+1

16: xéﬂ = a:g + Ne+1CkVk+1 > update x
170 Ty = —Brr1Th/Qrr1

18: .’L‘kc+1 = Jikc + Tk+1Vk+1

19: end for

Proof. By definition, gj,’;‘ solves (5.11). Hence there must exist ¢ such that g,f = Hj_ 1t and
HI gk = Bie;. By definition of Hy_; and (2.11), we have y} = UpyF = Uy By_1 L1 |t =
AV LT T = AATU, 4.

The above implies that y% is primal feasible for (5.27). Dual feasibility requires that
UL JAAT(y — y.) = 0, which is equivalent to UL ;7L = 0 because AATy, = b. The
expression (5.19) confirms dual feasibility.

With y¥ € range(A), we have y£ = (AT TxL and then (5.25) follows from (5.27).

Using (5.19), we see that y¥ is primal feasible for (5.28). Dual feasibility requires that
yE = p+ AATU,_1q and Ul'p = 0 for certain vectors p and ¢, but those conditions are
satisfied for p := 0 and ¢ := ¢. Since yF = (A")TzL, we obtain (5.26) from (5.28). 0

Corollary 5.4 For each k, |2§ — z.| < |2k — ..

Proof. By comparing (5.7) with (5.25), we see that [2{ — .| < |2f — .| because
range(Vj—1) < range(Vy). O

5.3 Complete algorithm

Algorithm 5 summarizes LNLQ. Note that if only the = part of the solution is desired, there
is no need to initialize and update the vectors wy, W, y,f and ykc unless one wants to retrieve
x as ATy at the end of the procedure. Similarly, if only the y part of the solution is desired,
there is no need to initialize and update the vectors zf and a:kc The update for sz+1 in
line 18 of Algorithm 5 can be used even if the user wishes to dispense with updating z%.
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5.4 FError estimates

5.4.1 Upper bound on |y, — yZ|

By orthogonality, ||y* — y&[? = |y*|? — |yE|?, so as before we want to obtain upper bounds
of |yE|? = bTf(AAT)b for f defined in (4.26). We accomplish this using Gauss-Radau
quadrature as in Section 4.4. The fixed Gauss-Radau quadrature node is set to a prescribed

Oest € (0, 0,.). We follow Section 4.4.1 and modify Ly rather than Tj. Let

T = [ Lioyr 0 ] (5.29)

Brer1 wi
which differs from Ly, in its (k, k)th element only, and

~ > Tk Br—1€r—1
Ty := LiLL = [_
b Br1ei_1  Bi+wi

(with By_1 defined in (5.3)), which differs from T}, in its (k, k)th element only. The Poincaré
separation theorem ensures that the singular values of Ly lie in (o,, 01). The Cauchy
interlace theorem for singular values ensures that it is possible to select wy so that the
smallest singular value of (5.29) is 0est. The next result is a paraphrase of Theorem 2.3.

Theorem 5.5 Let f : [0, ©) — R be such that fGI+D(€) < 0 for all € € (02, 0%) and
all j 2 0. Fiz oest € (0, 0,.). Let Ly, be the bidiagonal generated after k steps of Algorithm 2,
and wy, > 0 be chosen so that the smallest singular value of (5.29) is cest- Then,

b F(AATYD < BT f(LiLT)e;.

The procedure to compute wy = \/ogst — OeostPrbor—_o is identical to that of Section 4.4.1,
where 0y, is an element of a related eigenvector. Application of Theorem 5.5 to f(£) := £72
with the convention that f(0) := 0 provides an upper bound on |y*|?.

Corollary 5.6 Fiz oqst € (0, o). Let Ly be the bidiagonal generated after k steps of
Algorithm 2, and wy, > 0 be chosen so that the smallest singular value of (5.29) is oest. Then

. ~ ~p —2
ly*I* < BRel (LiLy) “er.

To evaluate the bound in Corollary 5.6, we modify the LQ factorization (5.12) to

FT_ lL£1 5kek_1] _ le—l gk] le—1 1] _ MLQn

O WE TN}kegil
where 7, = wisp and &, = —wpci. Define ¢y, and 3, from
ZktNk = 6161 and Z\ZJ;.C = tN/g. (5.30)

The updated factorization and the definition of f yield

~ o~ -1 ~ i~ ~ i~ -
ly*I* < B (LeMpQi) x| = BY[ M L ea]* = [ My Mk * = |12
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Comparing with the definition of ¢; and zx in Section 5.2.3 reveals that = (tg—1, Tr) and
5}€ = (Zk?717 Ck), with ;k = _5k7—k71/wk and Ck = (’7’\:;C - ’I’\]’kgkfl)/gk. Combining with (518)
yields the bound

ly* = wil? = 1" 1% = lzeal® < Jan—al® + G2 = lzea]® = GR- (5.31)

5.4.2 Upper bound on |jy* — y¢||

Theorem 3.4 establishes that |y* — y$ | < |ly* — yF|, so that the bound from the previous
section applies. With (i defined in Section 5.2.3, we can improve the bound as in (3.17) to

ly* = y1” < & - G- (5.32)

They provide further refinement of this bound by using the sliding window approach of
Golub and Strakos (1994). For a chosen delay d, O(d) scalars can be stored at each iteration,
and for O(d) additional work, we can compute 9,(€d) > 0 (see (3.18)) so that

ly* —C1> < G — & — 201, (5.33)

5.4.3 Upper bound on |z, — z¢|

HQ —

Assume temporarily that A has full row rank. By orthogonality in (5.21), |z, — ¢
2 2

|24 ] = |25 |>. We may then use

leul® = JATY[* = y*[5ar = [bJEanr)--

Applying Theorem 5.5 to f(&) := ¢~ with £(0) := 0 provides an upper bound on |z,[? in
the vein of Golub and Meurant (1994, Theorems 3.2 and 3.4).

Corollary 5.7 Fix oes € (0, 0.). Let Ly be the bidiagonal generated after k steps of
Algorithm 2, and wi, > 0 be chosen so that the smallest singular value of (5.29) is Gest. Then

~ e =1
Je.|? < Blel (LeLi) e
We use (5.30) to evaluate the bound of Corollary 5.7 as
~ ~ —1 ~ ~
Bied (LiLy) e = [BiLy e = [Tk,
which leads to the bound

e — a7 < Il — Nl = 7 — i (5.34)

This equals the bound of Arioli (2013), who derived it using the Cholesky factorization of Tj.
Note that Arioli (2013, Equation (4.4)) proposes the error bound

ly* =9 | = Lo (e = 2| < Omin (L) 7 2w — 2| < 077w — ). (5.35)

It may be possible to improve on (5.35) by maintaining a running estimate of opyin (L), such
as the estimate min(eq,...,ex_1,&x) discussed by Stewart (1999).
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5.4.4 Upper bound on ||z, — z£|

Using xé = xg_l + NiCr—1vk, we have

tr—1
Vn (tn - |:7lka1 ])
0

Thus, using the error bound in (5.34) we obtain

2
= ||l — 2 + (7% — meCi—1)?.

e — oF|? =

o — 2 < 7 — 7t + (7 — meG-1)?. (5.36)
5.5 Regularization
The regularized least-norm problem is
minimize % (|z|? + ||s|?) subject to Az + As = b, (5.37)

zeR™, seR

which is compatible for any A 0. Saunders (1995, Result 7) states that applying Algorithm 2
to A := [A A ] with initial vector b preserves Uy. We find corresponding f}k and lower

bidiagonal Ly by comparing the identities

Vi LY and AT
U | | M A

the first of which results from (2.11) and the second from Algorithm 2 applied to A. At
iteration k, we apply reflections Qk designed to zero out the AI block, resulting in

][ e

Al
Saunders (1995) uses Qy, to describe CRAIG with regularization under the name extended
CRAIG. If we initialize A; := A, the first few reflections are illustrated as in Fig. 5.1, where
shaded elements are those participating in the current reflection and grayed out elements

AT

=WV LT :
N Uy = VL, (5.38)

Uy =

il ..
_ | Z DT

- (6 %]

have not yet been used. Two reflections per iteration are necessary, and the situation at
iteration k may be described as

k 2k 2k+1 k 2k 2k 2k+1 k 2k 2k+1 2k 2kl
k l Qe )\k 1 lék §k1 lék §k] . [ dk 0 ] lék gk‘|
w1 | Byt A S5, —Cr] S —Ck Brer Mep1 A 5k —Ck
k 2k 2k+1

- l ar 0 1
Bk+1 0 Akt
The first reflection is defined by ¢y, := «/ai + )\i, e = ap /&g, 8 = \i/dyg, and results in
Bk+1 = ¢ Bk41 and 5\k+1 = 5;Bk+1. The second reflection defines A\, ;1 := 1/;\%+1 + A2, ¢ =
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[ o AL | [ ay 0 i
ﬂg [6%) A _ 62 [6D) 5\2 A
B3 g A B3 as A
| Bs  Qy A | Bs y A
[y 0 T [ 0 0 ]
| B e 0 A | P @ 0 0
B3 a3 A Bz as PYIID
Bs gy A | By oy A
[ dl 0 ] [ a1 0 ]
N Bo o 0 0 . Ba (i 0 0
BS (6%} 0 )\3 53 d3 0 0 ’
| 64 Qg A i | B4 QY 5\4 A i

Figure 5.1: Illustration of a few steps of the factorization in the presence of regularization.

5\k+1//\k+1, Sk = A/Ag+1, and does not create a new nonzero. Only the first reflection
contributes to the kth column of Vj:

Vk 0 ék §k _ ékvk ékvk (5 39)
0 ug S —Ci Spur  —Cruy | .

Iteration k of LNLQ with regularization solves (5.11), but HY , is then the top (k—1) x k

submatrix of
T

L
[Lk )\I] lA’}] — L LT + N =T, + A21.

In (5.12), we compute the LQ factorization of I:g instead of LE, but the details are identical,
as are the updates of y,f in (5.16) and y,? in (5.17). Because U}, is unchanged by regularization,
the residual expressions (5.19) and (5.20) remain valid. Subsequently,

L
T | _
k1=
Sk

but we are only interested in the top half of z£. Let the top n x k submatrix of ‘7k be

T

\T Urr = ‘A/kﬁ;‘gﬂiw

Wy - @] =[1 o=V o]af.

We conclude from (5.39) that @w; = év; for j = 1,..., k. The update (5.22) remains valid
with v, replaced by wy.
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5.6 Preconditioning

As with other Golub-Kahan-based methods, convergence depends on the distribution of
{o;(A)}. Therefore we consider an equivalent system N=2 AATN-2Nzy = N~2b, where
N~z A has clustered singular values.

For the unregularized problem (NE-LN), to run preconditioned LNLQ efficiently we
replace Algorithm 2 by the generalized Golub-Kahan process (Arioli, 2013, Algorithm 3.1).
We seek a preconditioner N > 0 such that N ~ AA7, and require no changes to the algorithm
except in how we generate vectors ux and vi. This is equivalent to applying a block-diagonal
preconditioner to the saddle-point system

S| | A R e

For a regularized system with A # 0, we need to solve a 2x2 quasi-definite system

)L

We cannot directly precondition with generalized Golub-Kahan as before, because properties

(5.40)

analogous to (5.38) do not hold for N # I. Instead we must precondition the equivalent 3x3
block system

I I AT [ 2 I 0
I I M| s |= I o,
N-1||A AT —y N1 |

where N ~ AAT + A\2[ is a symmetric positive definite preconditioner. In effect, we must
run preconditioned LNLQ directly on A= [A by ]

5.7 Implementation and numerical experiments

We use the Matlab implementation of LNLQ!, including the relevant error bounds. The
exact solution for each experiment is computed using Matlab’s backslash operator on the
augmented system (NE-LN). Mentions of CRAIG below refer to transferring from the LNLQ
point to the CRAIG point.

5.7.1 UFL problems

Matrix Meszaros/scagr7-2c from the UFL collection (Davis and Hu, 2011) has size 2447 x 3479.
We set b = 1/4/m. For LNLQ and CRAIG we record the error in x; and y; at each
iteration using the exact solution, and the error bounds discussed above using ces =
(1 —10719) oyin(A), where opin(A) was provided from the UFL collection. The same oeg; is
used to evaluate the bound (5.35). Fig. 5.2 records the results.

1 github.com/restrin/LinearSystemSolvers
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Figure 5.2: Error in zy (top left) and yi (top right) along the LNLQ and CRAIG iterations
for Meszaros/scagr7-2c. The solid blue (yellow) line is the exact error for LNLQ (CRAIG),
and the remaining lines show the various error bounds. The bottom left plot shows the
improved bounds (5.33) and bounds from Arioli (2013) for the error in y; for CRAIG with
d =5 and 10. The bottom right plot shows the same bounds divided by the true error.

We see that the LNLQ error bounds are tight, even though the error in xj, is not monotonic.
In accordance with Proposition 5.1, the CRAIG error in xj, is lower than the LNLQ error. The
same for the error in yi. The CRAIG error in zj is tight until the Gauss-Radau quadrature
becomes inaccurate—a phenomenon also observed by Meurant and Tichy (2014); Meurant
and Tichy (2018).

Regarding the CRAIG error in yi, we see that the error bounds from (5.32) and (5.35) are
similar, with (5.35) being slightly tighter. We observed that the simpler bound (5.35) nearly
overlaps with the bound (5.32) on other problems. However, (5.33) provides the ability to
tighten (5.32), and even small delays such as d = 5 or 10 can improve the bound significantly
until the Gauss-Radau quadrature becomes inaccurate. Thus, the sliding window approach
can be useful when an accurate estimate of opin(A) is available and early termination is
relevant, for example when only a crude approximation of x, and y, is required.

In Fig. 5.3 we repeat the experiment with UFL problem LPnetlib/lp_ kb2, which has size
43 x 68. Because LNLQ and CRAIG take more than 250 iterations, it is clear that global
orthogonality is violated, yet the upper bounds remain faithful. Hence, it may be possible to
derive these bounds by assuming only local orthogonality in the Golub-Kahan process. This
is a direction for future research.



5.7. IMPLEMENTATION AND NUMERICAL EXPERIMENTS 99

10° ‘ — 10°
shile o .?; E— S
i A .==L‘= " A
0 W - "-r%;‘ N
107 -~ ] 100 | 1o
1 )| |
| Y
'\l = ‘!.&.
108 - 1™
1070 | -
----- LNLQ Upper Bound in 'y \
----- LNLQ Upper Bound in x ‘ True LNLQ Erroriny [
True LNLQ Error in x _ - -CRAIG Upper Bound in y 'i
-10 [ . -— - i PUNTI .
10 CRAIG Upper Bou.nd in x 1 1010 | CRAIG Arioli Bounq iny
True CRAIG Errorin x, ‘ ‘ 0 True CRAIG Erroriny. ‘ ‘
0 50 100 150 200 250 0 50 100 150 200 250
5 : : : : : 6 : : :
10 107 £ CRAIG Upper Bound in y, d=0
----- CRAIG Upper Bound iny, d=10
----- CRAIG Upper Bound iny, d=20
CRAIG Arioli Bound in y i
ol g
10 — 104
>
O x
=
0% | =
----- CRAIG Upper Bound in 'y, d=0 €10 2L
----- CRAIG Upper Bound iny, d=10
----- CRAIG Upper Bound in y, d=20 “i
0 CRAIG Arioli Bound in y R -
107" [ True CRAIG Erroriny ‘ ‘ 100 o
0 50 100 150 200 250 0 50

Figure 5.3: Error in 2, (top left) and y (top right) along the LNLQ and CRAIG iterations
for LPnetlib/lp_kb2. The solid blue (yellow) line is the exact error for LNLQ (CRAIG), and
the remaining lines show the various error bounds. The bottom left plot shows the improved
bounds (5.33) and bounds from Arioli (2013) for the error in y for CRAIG with d = 5 and
10. The bottom right plot shows the same bounds divided by the true error.

5.7.2 Fletcher’s penalty function

We now apply LNLQ to least-norm problems arising from using Fletcher’s exact penalty
function (see (Fletcher, 1973a) and Part II) to solve PDE-constrained control problems. We
consider the problem

minimize 3 J | — ug|? dz + %OAJ 22 dx
Q Q

U, Z

Subject to V- (ZVU) — —Sin(wxl) Sil’l(W{EQ) in Q, (541)

u=0 on 09,

1
8
might represent the temperature distribution on a square metal plate, ug is the observed

where w = 7 — L, Q@ =[-1,1]?, and a > 0 is a small regularization parameter. Here, u

temperature, and we aim to determine the diffusion coefficients z so that u matches the
observations in a least-squares sense. We discretize (5.41) using finite elements with triangular
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Figure 5.4: Error in zj (top left) and yy (top right) along the LNLQ and CRAIG iterations.
The solid blue (yellow) line is the exact error for LNLQ (CRAIG), and the remaining lines
show the various error bounds. The bottom left plot shows the improved bounds (5.33) and
bounds from Arioli (2013) for the error in y; for CRAIG with d = 20. The bottom right plot
shows the same bounds divided by the true error.

cells, and obtain the equality-constrained problem
minimize f(#) subject to c(@) = 0.
u

Let p be the number of cells along one dimension, so that u € RP* and z € R®*+2” are the
discretizations of u and z, @ := (u, ), and c(ti) € RP. We use p = 31 in the experiments
below. Let A(u) := [Au Az] be the Jacobian of c¢(a@).

For a given penalty parameter ¢ > 0, Fletcher’s exact penalty approach is to

minimize ¢, (@) := f(@) — c(@)" yo (1)

where y, (@) € argminy3 |V f(a) — A(a)TyH2 +oc(a)Ty.

In order to evaluate ¢, (@) and V¢, (@), we must solve systems of the form (NE-LN). For
these experiments, we use b = —c(@) and A = A(@). Note that by controlling the error in the
solution of (NE-LN), we control the inexactness in the computation of the penalty function
value and gradient. In our experiments, we evaluate b and A at u = 1. We first apply LNLQ
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Figure 5.5: Error in xj (left) and y; (right) along the LNLQ and CRAIG iterations. The
solid blue (yellow) line is the exact error for LNLQ (CRAIG), and the remaining lines show
the various error bounds. The bottom plot shows the same bounds for CRAIG for the error
in yk, but divided by the true error.

and CRAIG without preconditioning. The results are summarized in Fig. 5.4.

We observe trends like those in the previous section. The LNLQ bounds are quite accurate
because of our good estimate of the smallest singular value, even though the LNLQ error in xy
is not monotonic. The CRAIG error bound for zj, is tight until the Gauss-Radau quadrature
becomes inaccurate, which results in a looser bound. The latter impacts the CRAIG error
bound for y in the form of the plateau after iteration 250. The error bound (5.35) is slightly
tighter than (5.32), while if we use (5.33) with d = 20, we achieve a tighter bound until the

plateau occurs.

T

We now use the preconditioner N = A, A, ,

which corresponds to two solves of Pois-
son’s equation with fixed diffusion coefficients. Because oyin((AyAy) " TAAT) = opin(I +
(A, AT)=1A_AT) > 1, we choose ges; = 1. Recall that the y-error is now measured in the
N-energy norm. The results appear in Fig. 5.5.

We see that the preconditioner is effective, and that o5 = 1 is an accurate approximation
as the LNLQ error bounds are extremely tight. The CRAIG error bounds are tight as well,
although the error bounds” for y; go below the true error in the last few iterations, which is

expected and observed in Chapter 3.



Chapter 6
Extension to SQD systems

We can generalize LSLQ and LNLQ to the solution of symmetric quasi-definite systems
(Vanderbei, 1995) of the form
M AT
1= 1%, (6.1)
A —N|ly b

where M = M7T and N = N7 are positive definite and linear systems with these matrices

can be efficiently solved. This represents the optimality conditions for problems

minixmize 1Az — b5 + 3lzl3s (6.2)
miriiglize L3 + 2yl3  subject to ATz — Ny =b. (6.3)
The only change required are to replace Algorithm 2 by the generalized Golub-Kahan process
(Orban and Arioli, 2017, Algorithm 4.2). The latter requires one system solve with M
and one system solve with N per iteration. Thus the generalized LSLQ applies to (6.2),

while generalized LNLQ applies to (6.3). They are equivalent to applying SYMMLQ to the
respective systems

(ATNT'A+ M)z = ATN b, (6.4)
(AM~*AT + N)y = —b, Mz =—ATy.

In lieu of (2.11), the generalized Golub-Kahan process can be summarized as

AVk = MUk+1Bk, (66&)
AU 1 = NVi.BE + apy1Nvggrei = NV L, (6.6b)

where now U,?MU;€ =] and VkTNVk = I in exact arithmetic. Pasting (6.6) together yields

M AT ||V M Vi I LY N 0 T

A —-N Uy N Ue| | Ly —I Brs1Nugyr | 2
M AT Vk _ M Vk I Bg Ozk+1ka+1 eT
A -N Uk+1 a N Uk+1 B, -1 0 2k+1-

These relations correspond to a Lanczos process applied to (6.1) with preconditioner
blkdiag(M, N). The small symmetric quasi-definite matrix on the right-hand side of the
previous identities is a symmetric permutation of the Lanczos tridiagonal, which is found by

62
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restoring the order in which the Lanczos vectors (vg, 0) and (0, ug) are generated:

1 @1
ar —1 P2
Torst — B2 1 | T PBrirea
2 e O Brr1edy 1 '
ar  —1 Bria
Br+1 1

Saunders (1995) and Orban and Arioli (2017) show that the CG iterates are well-defined
for (6.1) even though it is indefinite. In a similar vein, Orban and Arioli (2017) establish
that applying MINRES to (6.1) with the block-diagonal preconditioner produces alternating
preconditioned LSMR and LSQR iterations, where LSMR is applied to (6.4) and LSQR is
applied to (6.5).

It turns out that SYMMLQ applied directly to (6.1) with this preconditioner satisfies
the following property: even iterations are CG iterations, while odd iterations take a zero
step and make no progress. Thus every other iteration is wasted. Therefore, the generalized
versions of iterative methods (Orban and Arioli, 2017), such as generalized LSLQ or LNLQ,
should be used instead. The property is formalized in the following result.

Theorem 6.1 Let méQ and 2% be the iterates generated at iteration k of SYMMLQ and
CG applied to (6.1) preconditioned by blkdiag(M, N), and = be the iterate defined in (5.5)

(using the generalized Golub-Kahan process). Then for k =1, :cgkcal = sr:ng = J:ng = xkc

Proof. We use the notation from Section 3.1 to describe the Lanczos process and how
to construct the CG and SYMMLQ iterates. By (6.6), T, and the L factor of the LQ
factorization of T% _, have the form

1 to ~
2 1 ts 5; Y2
t3 1 .
T, = N t, Ly=]es 0 v
e (—1)k1 R :
e (D) €k—1 Ok—1 Yr—1
trt1

where each t; is a scalar. For k > 2, the LQ factorization is accomplished using reflections
defined by

Y1 ty, cn sk Y1 0
o (=1t L’“ Ck‘| =1 0% |
0 tin Skl Ot
T - Je—1 = _t
with Y1 = 17 62 = t27 Cr = Ye_1’ and Sk = 'yklil :

We show that ¢; = 0 for all j by showing that 75, = CD* for > 2, because in that case

Ck

Vet qyh-1_tk
Ve—1 Ve—1

Sk = Ower — (1) sk = (trcr—1)

1 = N t3 1 1
FOI‘]{I=2WGhaV€’Y§=1+t%and62:%,SOthat’72=5282+02272;4’,72:’72:5.
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Figure 6.1: Error |z — x| generated by SYMMLQ applied to (6.1). Note that every odd
iteration makes no progress, resulting in a convergence plot resembling a step function.

k—1
Proceeding by induction, assume c;_1 = % Then

Ck

==L () s + (<))

(=D* [ 3k 2) _ (=D*
o ((jkskck-i-ck)— o

k—1 2)

Y = Sksk — (—1)k_lck (—tkck,lskck — (—1) i

For all k, since 6, = 0 and xﬁQ = Wi_125—1 with Wj;_1 having orthonormal columns, and
since (zp—1); = (; is defined by Ly_1zx—1 = [b|e1, we have ( = 0 for k even. Therefore
x2LkQ = 955181 Further, since ¢ = ¢, and kaG = xéQ + (wy, for some wy, L Wy, we have

Cor. = 0 and 25 = 29, The identity 25¢ = 2 follows from (Saunders, 1995, Result 11).0

We illustrate Theorem 6.1 using a small numerical example. We randomly generate A
and b with m = 50, n = 30, M = I, and N = I and run SYMMLQ directly on (6.1). We
compute z, via Matlab’s backslash operator, and compute |z — z.| at each iteration to
produce Fig. 6.1. The resulting convergence plot resembles a staircase because every odd
iteration produces a zero step.



Chapter 7

Contributions and future directions

7.1 Contributions

The main contributions of Part I are threefold: developing an error bounding procedure in
the Euclidean norm for SYMMLQ and CG; introducing the methods LSLQ and LNLQ for
least-squares and least-norm problems respectively; and furthering our understanding of
Krylov subspace methods, particularly methods based on SYMMLQ and CG. These results
are summarized below.

Fuclidean-norm error bounds

We developed cheap estimates for the error in SYMMLQ and CG iterates, and explored the
relationship between those errors. The approach to computing these error bounds is the basis
for computing error bounds for LSLQ, LNLQ, LSQR, and CRAIG iterates. These estimates
are based on Gauss-Radau quadrature, and require the availability of an underestimate Aest
of the smallest singular value of A. The main results for SYMMLQ and CG are in (3.10),
(3.12), and (3.17)—(3.18).

When A is positive semidefinite with rank r, our error estimates are upper bounds up
to convergence (under exact arithmetic). For CG, the estimate can be made tighter when
Aest & A, by utilizing a delay d as described in (3.18), for an additional O(d) flops and
storage. When A is indefinite, the SYMMLQ estimate is not guaranteed to be an upper
bound, but often tracks the error closely after an initial lag.

LSLQ and LNLQ

We introduced LSLQ, an iterative method for the least-squares and least-norm problems (LS)
and (LN) with the attractive property that it ensures monotonic reduction in the Euclidean
error ||a* — z|. It completes the triad of solvers LSQR, LSMR, LSLQ for problem (LS) based
on the Golub and Kahan (1965) process. LNLQ fills a gap in the family of iterative methods
for (LN) based on the Golub and Kahan (1965) process, which ensures monotonic reduction
in the Euclidean error |y* — yx|. Although LSLQ and LNLQ are numerically equivalent to
SYMMLQ on the appropriate normal equations, they are more numerically more reliable
when A is ill-conditioned.

Further, we developed cheaply computable lower and upper bounds on the error for
LSLQ, and therefore for LSQR, using the intimate relationship between the methods and
the techniques of Chapter 3. Such an upper bound was not previously available for LSQR.
Similar upper bounds were developed for LNLQ and CRAIG.

Relationship between Krylov subspace methods

We discovered new connections between existing Krylov subspace methods and the new
methods LSLQ and LNLQ; for example, the equivalence between MINRES and LSQR for (LN)
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Table 7.1: Comparison of CG-type and LQ-type method properties for problems (L), (LN),
and (LN) respectively. In the first table, italicized results hold for indefinite systems as well.

CG SYMMLQ

Tzr] (S, 1983, Theorem 2.1) 7 (PS, 1975), < CQ (Theorem 3.4)
x* — zk| N\ (HS, 1952, Theorem 6:3) \, (PS, 1975), = CG (Theorem 3.4)
[2* —zk|a N\ (HS, 1952, Theorem 4:3)  not-monotonic
75| not-monotonic not-monotonic
75/ ||k not-monotonic not-monotonic

S (Steihaug, 1983), HS (Hestenes and Stiefel, 1952), PS (Paige and Saunders, 1975)

LSQR LSLQ
[E2A /" (F, 2011, Theorem 3.3.1) 7 (PS, 1975), < LSQR (Proposition 4.1)
lz* — x| N\ (F, 2011, Theorem 3.3.2) \ (PS, 1975), > LSQR (Proposition 4.1)
[re — 7kl N\ (F, 2011, Theorem 3.3.3) not-monotonic
7| N not-monotonic
| AT | not-monotonic not-monotonic

F (Fong, 2011), PS (Paige and Saunders, 1975)

CRAIG LNLQ

[EZY| /" (5.8) and (P, 1974) not-monotonic

ze — zk| N\ (5.7) and (P, 1974) not-monotonic, = CRAIG (Corollary 5.4)

Iy /" (5.18) and (HS, 1952) /" (5.18) and (PS, 1975), < CRAIG (Theorem 3.4)
lys — yil| N\ (5.18) and (HS, 1952) \ (5.18) and (PS, 1975), = CRAIG (Theorem 3.4)
75| not-monotonic not-monotonic

HS (Hestenes and Stiefel, 1952), P (Paige, 1974), PS (Paige and Saunders, 1975)
/" monotonically increasing . monotonically decreasing

(Proposition 2.2). Many important properties about Krylov subspace methods for least-
squares and least-norm problems can be understood through their equivalences with CG,
MINRES, and SYMMLQ. Fong (2011, Tables 7.1, 7.2) summarize the monotonicity of various
quantities related to the CG and MINRES, and LSQR and LSMR iterations. Table 7.1 is
similar but focuses on the CG-type and LQ-type methods presented in Chapters 3 to 5.

7.2 Future directions

Some practical matters related to the error bounding procedure are yet to be addressed, and
are left as future research directions.

Finite-precision error analysis

The error bounding methods presented in this section have assumed exact arithmetic, and
in particular, global orthogonality of the vectors generated by the Lanczos and Golub and
Kahan processes. These assumptions are clearly violated in practice, but we observed that
the error bounds did indeed remain bounds until convergence (see, e.g., Appendix B). It
is therefore likely that we can derive our error bounding procedure assuming only local
orthogonality of the basis vectors (to machine precision). To confirm, finite-precision analysis
similar to that of Strakos and Tichy (2002) for CG error estimation in the A-norm is required
to ensure that these techniques are safe in practice.
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Adaptive eigenvalue estimates

The error bounding procedure would be more practical if the dependence on the eigenvalue
underestimate of the smallest nonzero eigenvalue of A (or singular value for (LS) and (LN))
is reduced. An underestimate may be readily available in some application, but this is not
true in general, and having the ability to refine the eigenvalue estimate throughout the
iterative method may improve the tightness of the error bounds. It may be possible to employ
techniques similar to Meurant and Tichy (2018), who use the smallest Ritz value from the
Lanczos process (obtained as part of the iterative method) as the eigenvalue estimate; the
main challenge is to avoid recomputation of implicit factorizations performed during the
error bounding procedure.
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Chapter 8
Introduction

We consider a penalty-function approach to solve constrained nonlinear optimization problems

minimize f(z)
TERN
subject to c(x) =0 Dy (NP)
f<x<u ,

where f:R"™ — R and ¢: R" — R™ are smooth functions (m < n), and the n-vectors £ and
u provide lower and upper bounds (possibly infinite) on z. Additionally, y € R™ is the dual
variable for the equality constraints, and z is the dual variable for the bound constraints. A
smooth exact penalty function ¢, is used to eliminate the constraints ¢(x) = 0. The penalty
function is the Lagrangian L(x,y) = f(x) — c(2)Ty with the vector y = y, () treated as a
function of z depending on a parameter ¢ > 0. The penalty function depends only on the
primal variables x, so that we instead solve the problem

mini]llglize ¢o(x) subjectto €<z <u: 2. (PP)
xeR™

We purposely set z to be the Lagrange multiplier for the bound constraints for both (NP)
and (PP) because, as we show, they equal each other at a solution. If ¢ and u are both
infinite, then (PP) is unconstrained.

The penalty function for equality-constrained problems was proposed by Fletcher (1970).
A long-held view is that Fletcher’s penalty function is not practical because it is costly to
compute (Bertsekas, 1975; Conn et al., 2000; Nocedal and Wright, 2006). In particular,
Nocedal and Wright (2006, p.436) warn that “although this merit function has some interesting
theoretical properties, it has practical limitations...”. Our aim is to challenge that notion
by demonstrating that the computational kernels are no more expensive than other widely
accepted methods for nonlinear optimization, such as sequential quadratic programming.
We further derive a smooth extension of the penalty function to handle bound constraints.

The penalty function is exact because local minimizers of (NP) are minimizers of (PP)
for all values of o larger than a finite threshold ¢*. The main computational kernel for
evaluating the penalty function and its derivatives is the solution of certain structured linear
systems. If the system matrix is available explicitly, we show how to factorize it once and
re-use the factors to evaluate the penalty function and its derivatives. We also adapt the
penalty function for factorization-free optimization by solving the linear system iteratively.
This makes the penalty function particularly promising for certain problem classes, such as
PDE-constrained optimization problems when good preconditioners exist.

Part II is based on Estrin, Friedlander, Orban, and Saunders (2019a,b).
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8.1 The proposed penalty function

For (NP), we propose the penalty function

o (2) := f(2) — c(2) Yo (2), (8.1)

where y,(x) are Lagrange multiplier estimates defined with other items as

Uo (@) = argmin, L|A@y — 9(@)2 + 0@y, gl@) = Vi@,  (82)
A(z) :=Ve(z) = [gl(x) gm(x)] , gi(z) := Vi), (8.3)
Y, (z) := Vyo (z). (8.4)

Note that A and Y, are n-by-m matrices. The n-by-n diagonal matrix Q(z) has entries
Qi,i(x) := qi(x;), where

1 if ¢; = —o0 and u; = o0,
N2 .
Gi(w:) = @ =l — 55 (2w +wg — £ — )" if |ug + 4 — 225 < 4, (8.5)
min{xz; — 4;, u; — x;} otherwise.

The diagonal of Q(x) is a smooth approximation of min{x — ¢,u — z}, where w € R™ controls
the smoothness of the approximation (we use w; = min{1, 2(u; — ¢;)}). Note that Q(z) is
nonnegative on [¢,u]. When all of £ and w« are infinite, Q(z) = I and we recover the penalty
function proposed by Fletcher (1970). We discuss Q(x) in more detail in Chapter 10.

We assume that (NP) satisfies some variation of the following assumptions:

(Al) f and c are twice continuously differentiable and have Lipschitz second-derivatives
(Ala), or are three-times continuously differentiable (A1b).

(A2) The linear independence constraint qualification (LICQ) is satisfied for stationary
points (A2a), or additionally for all ¢ < z < u (A2b). LICQ is satisfied at x if

{Vei(x),e; | 25 € {{j,u;}, i€ [m], je[n]}
is linearly independent, where e; is the jth column of the identity matrix.

(A3) Stationary points satisfy strict complementarity. If (z*, y*, z*) is a primal-dual solution,
exactly one of 27 and min{z} — £;,u; — z}} is zero Vj € [n].

(A4) The problem is feasible. That is, there exists  such that £ < x < u and ¢(x) = 0, with
l; < u; for all j € [n]. We further assume that fixed variables have been eliminated
from the problem.

Assumption (Alb) ensures that ¢, has two continuous derivatives and is typical for smooth
exact penalty functions (Bertsekas, 1982, Proposition 4.16). However, at most two derivatives
of f and c are required to implement this penalty function in practice. We typically
assume (A1b) to simplify the discussion, but this assumption can often be weakened to (Ala).
Assumption (A2b) guarantees that Y, (z) and y,(z) are uniquely defined; (A3) provides
additional regularity to ensure that the threshold penalty parameter o* is well defined.
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8.2 Notation

Denote z* as a local stationary point of (NP), with corresponding dual solutions y*, z*.
Define the set of active bounds at z* as

A(z”) :={j | wj € {€5, u5}}, (8.6)
and define the critical cones Cy(z*, 2*) and C(z*,2*) as

pj=0 if2y #0

Co(z™,2")i=qp| p; =0 ifaj =4 ¢, (8.7a)
p; <0 ifat = u
C(z*,2*) == {peCy(z*,2") | A(z*)"p = 0} . (8.7b)

Observe that by (A3), Cy(a*,2*) = {p|p; = 0if Z; # 0}, so p € Cy(z*, 2*) if and only if
p = Q(z*)'/?p for some p € R".

Let H(z) = V2f(z), Hi(z) = V?¢;(x), and define

g(w) — A(z)y, 9o () := go(,ys(2)), (8.8a)
H(x) = 2% yiHi(x), Hy(z) := Hy(2,y,(z)) (8.8b)

T <
™ &
PRI
8 B
SRS
S~— S~—
[

as the gradient and Hessian of L(x,y) evaluated at = and y or y,(xz). We also define the
matrix operators

qi(z1)v1 g (z1)v1
R(z,v) := V,[Q(x)v] = V, = diag ,
qi (xn)vn q; (zn)vn

g1(z)Tv vl Hy(z)
S(x,v) := V[A(z)v] = V, = )

gm ()T vl H,,(z)

Z wigi(x>] = Z w; H;(),

where v € R", w € R™, and T(z,w) is a symmetric matrix. (We do not use R until

T(z,w) := V,[A(x)w] = V,

Chapter 10.) The operation of multiplying the adjoint of S with a vector w is described by
S(z,v) w =2 wH(z)]v = T(z,w)v = T(z,w)v.
If M has full rank, the operators
Pai= M(M™™M)'MT  and Py i=1-P

define, respectively, orthogonal projectors onto range(M) and its complement. We define M
as the Moore-Penrose pseudoinverse, where MT = (MTM)~'M™ if M has full column-rank.
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8.3 Related work on penalty functions

Penalty functions have long been used to solve constrained problems by transforming them
into problems with simpler constraints that penalize violations of feasibility. We provide a
brief overview of common penalty methods and their relation to Fletcher’s penalty ¢, (z).
A more detailed treatment is given by Pillo and Grippo (1984), Conn et al. (2000), and
Nocedal and Wright (2006).

The simplest example is the quadratic penalty function (Courant, 1943), which removes
the nonlinear constraints by adding £ pc(z)|* to the objective (for some p > 0). Similarly,
bounds are replaced by 1p|(z — £)4|* + 3p[(u — z)+[?. There are two main drawbacks:
a sequence of optimization subproblems must be solved with increasing p, and a feasible
solution is obtained only when p — co. Further, these subproblems become increasingly
ill-conditioned and difficult to solve.

An alternative to smooth non-exact penalty functions is an exact non-smooth function
such as the 1-norm penalty p|c(z)|1 + pmax{0,¢ — xz,2 — u} (Nocedal and Wright, 2006,
§17.2). However, only non-smooth optimization methods apply, which typically exhibit
slower convergence. Maratos (1978) further noted that non-smooth merit functions may
reject steps and prevent quadratic convergence.

Another distinct approach is the class of augmented Lagrangian methods, independently
introduced by Hestenes (1969) and Powell (1969). For (NP), solvers such as LANCELOT
(Conn, Gould, and Toint, 1991, 1992) minimize a sequence of augmented Lagrangians
Ly, (x,yx) = L(z,yx) + 3px]c(@)]?
for sufficiently large pg, thus avoiding the stability issues of the quadratic penalty. However,

over the bounds. When yy, is optimal L,, (z,yx) is exact

a sequence of subproblems must be solved to drive y; to optimality.

Although these penalty functions have often been successful in practice, in light of their
drawbacks, a class of smooth exact penalty functions has been explored (Fletcher, 1970;
Pillo and Grippo, 1984; Zavala and Anitescu, 2014). With smooth exact penalty functions,
constrained optimization problems such as (NP) can be replaced by a single smooth bound-
constrained optimization problem (or unconstrained if (NP) is equality-constrained only);
provided the penalty parameter is sufficiently large. Approximate second-order methods
can be applied to obtain at least superlinear local convergence. The price for smoothness is
that a derivative of the penalty function requires a higher-order derivative from the original
problem data. That is, evaluating ¢, requires Vf and Ve, Vo, requires V2f and VZ2¢;; and
so on. In practice, the third derivative terms are typically discarded, but it can be shown
that superlinear convergence is retained.

Fletcher (1970) originally introduced a class of smooth exact penalty functions for equality-
constrained problems with 3 papers (Fletcher, 1970; Fletcher and Lill, 1971; Fletcher, 1973a).
In the equality-constrained case, ¢, reduces to one of the penalty functions introduced by
Fletcher. For inequality constrained problems with ¢ = 0 and u = o0, Fletcher (1973b)
proposed the penalty function

Vo) = fz) — c@)Tyo (z) — 20 (2) T2
Yo (@), 20 () = argmin 1| A(2)y + 2 — g(2)]3 + oe(2)"y, (8.9)

yeR™ 2>0

to be minimized without any constraints. Although it can be shown that this penalty is exact,
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it is nonsmooth because of the bound constraints on the multiplier estimates: active-set
changes on the bounds of the multiplier estimates z correspond to non-differentiable points
for the penalty function. The nonsmooth penalty then requires a minimization method for
nonsmooth problems, which often results in slower convergence.

Fletcher (1970) did not envision his method applied to large-scale problems and assumed
“the matrices in the problem are non-sparse”. Further, most developments surrounding
this method focused on linesearch schemes that require computing an explicit Hessian
approximation and using it to compute a Newton direction. One of our goals is to show how
to adapt the method to large-scale problems by taking advantage of computational advances
made since Fletcher’s proposal. Improved sparse matrix factorizations and iterative methods
for solving linear systems, and modern Newton-CG trust-region methods (Ph. L. Toint,
1981; Steihaug, 1983), play a key role in the efficient implementation of his penalty function.

Since Fletcher (1970), there has been significant work on smooth exact penalty methods
that handle inequality constraints—see for example Pillo and Grippo (1984); Di Pillo and
Grippo (1985); Boggs, Tolle, and Kearsley (1992); Zavala and Anitescu (2014). Many
approaches replace the inequality constraints with equalities using squared slacks (Bertsekas,
1982), at which point the equality constrained problem is solved via a smooth exact penalty
approach. (This is one approach for deriving ¢, and (8.2); however, it is also possible to
derive it directly from the first-order KKT conditions.) The penalty function in these cases is
the augmented Lagrangian with the dual variables explicit and penalizes the gradient of the
Lagrangian (Zavala and Anitescu, 2014), or withthe dual variables expressed as a function of
the primals (Fletcher, 1970; Pillo and Grippo, 1984). Our penalty function (8.1) takes the
latter approach, but defines this parametrization differently from previous approaches; rather
than introducing additional dual variables for the bounds in (8.2), we change the norm of
the least-squares problem according to the distance from the bounds, to approximate the
complementarity conditions of first-order KKT points.



Chapter 9

The equality-constrained case

We first focus our attention on the equality-constrained case:

minimize f(z) subject to ¢(x) =0 : v, (NP-Eq)

zeRn™
that is, we let the bounds ¢ and u be infinite. For (NP-Eq), Fletcher’s penalty function is

bo(z) = f(x) = c(x) Yo (x), (9.1a)
Yo (¢) := argmin s1A@)y = g(@)|? + oc(x)y. (9.1b)

The form of y,(x) is reminiscient of the variable-projection algorithm of Golub and Pereyra
(1973) for separable nonlinear least-squares problems.

Instead of working directly with (NP-Eq), we solve the unconstrained problem (PP). We
initially assume that (NP-Eq) satisfies (A2b) so that y,(x) and Y, (z) are uniquely defined.
We relax this assumption to (A2a) in Section 9.4.

9.1 Properties of the penalty function

We show that ¢, (z) naturally expresses the optimality conditions of (NP-Eq). This leads to
an explicit expressions for the threshold value of the penalty parameter o.

9.1.1 Derivatives of the penalty function

The gradient and Hessian of ¢, may be written as

Vo (2) = go(2) — Yo (z)c(2), (9.2a)
V2¢4(x) o () — A(@)Y, (2)T = Y, (2)A(z)" — V, [V, ()], (9.2b)

where the last term V,[Y, (x)c] purposely drops the argument on ¢ to emphasize that this
gradient is made on the product Y, (z)c with ¢ := ¢(z) held fixed. This term involves third
derivatives of f and ¢, and as we shall see, it is convenient and computationally efficient to
ignore it. We leave it unexpanded.

9.1.2 Optimality conditions

The penalty function ¢, is closely related to the Lagrangian L(x,y) associated with (NP-Eq).
To make this connection clear, we define the Karush-Kuhn-Tucker (KKT) optimality condi-
tions for (NP-Eq) in terms of formulas related to ¢,. From the definition of ¢, and y, and
the derivatives (9.2), the following definitions are equivalent to the KKT conditions.
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Definition 9.1 (First-order KKT point) The point a* is a first-order KKT point
of (NP-Eq) if for any o = 0 the following hold:

c(z”) =0, (9.3a)
Voo (a*) = 0. (9.3b)

The Lagrange multipliers associated with x* are y* := y,(z*).

Definition 9.2 (Second-order KKT point) The first-order KKT point x* satisfies the
second-order necessary KKT condition for (NP-Eq) if for any o = 0,

pTV2¢s(2*)p =0 for all p such that A(z*)Tp =0,

i.e., P(x*)V2¢y(x*)P(z*) = 0. The condition is sufficient if the inequality is strict.

The second-order KKT condition says that at x*, ¢, has nonnegative curvature along
directions in the tangent space of the constraints. However, at x*, increasing ¢ will increase
curvature along the normal cone of the feasible set. We derive a threshold value for o that
causes ¢, to have nonnegative curvature at a second-order KKT point z*, as well as a
condition on ¢ that ensures stationary points of ¢, are primal feasible. For a given first- or
second-order KKT pair (z*,y*) of (NP-Eq), we define P(2*) := Py(,») and

0" = GAmax (P(z*)Ho (2", y*) P(27)), (9.4)

where AT

max

(+) is the maximum of the largest eigenvalue and zero.

Lemma 9.3 If ¢(x) € range(A(x)7T), then y,(x) satisfies
A(x) A(2)yo (x) = A(z)g(2) — oc(a). (9-5)
Further, if A(z) has full rank, then
A(2)TA(2) Yo (2)" = A(2)" [Hy () — o1] + S(z, go (). (9.6)

Proof. For any x, the necessary and sufficient optimality conditions for (9.1b) give (9.5).
By differentiating both sides of (9.5), we obtain

S(z, A(x)yo (2)) + Al@)" [T (2, yo (2)) + A(2) Yo (2)"] = Sz, g(x)) + A(x)"[H(2) — o1].

From definitions (8.8), we obtain (9.6). d

Theorem 9.4 Suppose Vo, (Z) =0 for some T, and let x7 and x5 be first- and second-
order necessary KKT points, respectively, for (NP-Eq). Let o* be defined as in (9.4). Then

0> [A@) Yo(7)] = 9(@) = A@)yo(2), (@) =0; (9.7a)
0> [A@)Ys ()] = o=0% (9.7b)
V¢s(25) =0 <= o=o0" (9.7¢)

If 3% is second-order sufficient, then the inequalities in (9.7¢) hold strictly.
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Proof. We prove (9.7a), (9.7c), and (9.7b) in order.
Proof of (9.7a): The condition V@, (Z) = 0 implies that

9(z) = A(@)yo () + Yo (2)c(Z).
Substituting (9.5) evaluated at T into this equation yields, after simplifying,
A@)Y, (2)e(z) = oc(T).

Taking norms of both sides and using the triangle inequality gives the inequality oc(Z)| <
|A(Z)TY,(2)|| |e(z)], which immediately implies that ¢(z) = 0. The condition V¢, (%) = 0
then becomes g¢,(Z) = 0.

Proof of (9.7c): Because x3 satisfies (9.3), we have g,(x3) = 0 and y* = y,(z), indepen-
dently of o. It follows from (9.6), H,(x5,y*) = Hy(x3), and the definition of the projector
P = PA(:Jv;) that

A(a3)Yo(23)" = P(Hy(23,y") — o). (9-8)

We substitute this equation into (9.2b) and use the relation P 4+ P = I to obtain
V2¢,(x5) = PH,(25,y*)P — PH,(x3,y*)P + 20 P.

Note that PH, (x5, y*)P > 0 because z} is a second-order KKT point, so ¢ needs to be
sufficiently large that 20 P — PH (x5,y*)P > 0, which is equivalent to o = o*.

Proof of (9.7b): With 7 in (9.8), y* = y,(z7) and properties of P := Py(,1), we have

o = |A(2]) Yo (27)"]

\P(Hy(27,y") —ol)|
P(H,(z7,y") —oI)P|
|PH, (2], y*)P| — o|P| = 20" — 0.

AR\

Thus, o = ¢* as required. O

According to (9.7¢), if * is a second-order KKT point, there exists a threshold value o*
such that ¢, has nonnegative curvature for ¢ > ¢*. Unfortunately, as for many exact penalty
functions, Theorem 9.4 does not discount the possibility of stationary points of ¢, () that
are not feasible points of (NP-Eq).

Consider, for example, the feasibility problem with f(z) = 0 and ¢(z) = 2® + x — 2. The
only minimizer is * = 1. The penalty function

(23 + 2 —2)?

T e

is defined everywhere and has local minimizers at 1 = 1 (the solution) and zo ~ —1.56.
Because the stationary points are independent of ¢ in this case, ¢, always has the spurious
local minimizer xs.

Note that we rarely encounter spuri and ous stationary points in practice, and usually
minimizers of ¢, (x) correspond to feasible (and therefore optimal) points of (NP-Eq).
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9.1.3 Additional quadratic penalty

In light of Theorem 9.4, it is somewhat unsatisfying that local minimizers of ¢, (x) might not
be local minimizers of (NP-Eq). We may add a quadratic penalty term to promote feasibility,
and under mild conditions ensure that minimizers of ¢, are KKT points of (NP-Eq). Like
Fletcher (1970), we define

Po.p(2) 1= do () + 3plc(@)|* = f(z) — [y (x) — 5pc(z)] (). (9.9)

The multiplier estimates are now shifted by the constraint violation, similar to an augmented
Lagrangian. All expressions for the derivatives follow as before with an additional term from
the quadratic penalty.

Theorem 9.5 Let S — R™ be a compact set, and suppose that omin(A(x)) = XA > 0
for all x € S. Then for any o = 0 there exists p*(c) > 0 such that for all p > p*(0), if
Véo,(T) =0 and T € S, then T is a first-order KKT point for (NP-Eq).

Proof. The condition Ve, ,(Z) = 0 implies that
9(7) = A(T)yo (7) — Yo (7)c(T) = pA(T)c(T).
We premultiply with A(z)7 and use (9.5) to obtain
(oI — A(z)"Y,(Z)) c(z) = pA(z)"A(Z)c(T). (9.10)

The left-hand side of (9.10) is a continuous matrix function with finite supremum
R(0) := sup,es |0l — A(z)TY (x)|| defined over the compact set S. We now define p* (o) :=
R(0)/)\2, so that for p > p*(0), if ¢(Z) # 0,

R(@)|e(@)] = o] — A(@)" Yo ()| - le(@)]
> | (oI — A(2)"Yo(2)) c(2)]
= p|A@) " A@)e(@)]
> pX*e(z)] > R(o)|e(@)],

which is a contradiction, implying [¢(Z)| = 0, so that & is feasible for (NP-Eq). Because
c(Z) = 0 and Vo, () = Voo ,(Z) =0, Z is a first-order KKT point. d

We briefly consider the case ¢ = 0 and p > 0. The threshold value to ensure positive
semidefiniteness of V2¢, , at a second-order KKT pair (z*,y*) of (NP-Eq) is

p = )‘max (A((E*)THL((E*7:(/*)A(£C*)T) .
This threshold parameter is more difficult to interpret in terms of the original problem
data compared to ¢* because of the pseudoinverse. The following theorem is analogous to
Theorem 9.4, but we omit the proof as it is nearly identical.

Theorem 9.6 Suppose 0 =0 and p = 0. Let Vo, ,(Z) = 0 for some T, and let =* be a
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second-order necessary KKT point for (NP-Eq). Then

p> ADY, (@) —  9(5) = ADe(@), (@) =0; (9.11a)
Vi, (2*) =0 <= p=p. (9.11b)

If x* is second-order sufficient, the inequalities in (9.11b) hold strictly.

Using p > 0 can help cases where attaining feasibility is problematic for moderate values
of o. For simplicity we let p = 0 from now on, because it is trivial to evaluate ¢, , and its
derivatives if one can compute ¢, .

9.1.4 Scale invariance

Note that ¢, is invariant under diagonal scaling of the constraints, i.e., if ¢(z) is replaced
by Dc(z) for some diagonal matrix D, then ¢, is unchanged. It is an attractive property
that ¢, and ¢* are independent of some model formulation choices, like the Lagrangian.
However, like the augmented Lagrangian, ¢, , with p > 0 is not scale invariant because of
the quadratic term; thus, constraint scaling is an important consideration if ¢, , is used.

9.2 Evaluating the penalty function

The main challenge in evaluating ¢, and its gradient is solving the shifted least-squares
problem (9.1b) in order to compute y,(z), and computing the gradient Y, (z). Below we
show it is possible to compute products Y, (x)v and Y, (z)Tu by solving structured linear
systems involving the matrix used to compute y,(z). If direct methods are used, a single
factorization that gives the solution (9.1b) is sufficient for all products.

For this section, it is convenient to drop the arguments on the various functions and
assume they are all evaluated at a point x for some parameter o. For example, y, =
Yo(x), A= A(z), Yo = Y,(x), H, = Hy(z), Sy = S(x,9,(x)), etc. We also express (9.6)
using the shorthand notation

ATAY! = AT[H, — o] + S,. (9.12)

We first describe how to compute products Y,u and Y,Jv, then describe how to put those
pieces together to evaluate the penalty function and its derivatives.

9.2.1 Computing the product Y,u
For a given u € R™, we premultiply (9.12) by u?(ATA)~! to obtain

You = [H, — oI|A(ATA) tu + ST(ATA) tu
=[H, — oIlv — STw,

where we define w = —(ATA)"1u and v = —Aw. Observe that w and v solve the system

RN
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Algorithm 6 formalizes the process.

Algorithm 6 Computing the matrix-vector product Y, u

1: (v,w) « solution of (9.13)
2: return [H, — ol|v — STw

9.2.2 Computing the product Yv
Multiplying both sides of (9.12) on the right by v gives
ATA(Y v) = AT([H, — oI]v) + (Sov).

The required product u = Y, /v is in the solution of the system

I Allr [H, — ol
[AT H—[ 7 1 0.1

Algorithm 7 formalizes the process.

Algorithm 7 Computing the matrix-vector product Y,1v
1: Evaluate [H, — oI]v and S,v

2: (r,u) < solution of (9.14)
3: return u

9.2.3 Computing multipliers and first derivatives

The multiplier estimates y, can be obtained from the optimality conditions for (9.1b):

e ] L2

which also gives g,. Algorithm 6 then gives Y,c and hence V¢, in (9.2a).

Observe that we can re-order operations to take advantage of specialized solvers. Consider
the pair of systems

R (I e O M E R

We have g, = d + ov and y, = y + ow, while the computation of Y,c is unchanged. The

I A
AT

systems in (9.16) correspond to pure least-squares and least-norm problems respectively.
Specially tailored solvers may be used to improve efficiency or accuracy. This is further
explored in Section 9.2.5.
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9.2.4 Computing second derivatives

We can approximate V2@, using (9.2b) and (9.6) in two ways according to

V2¢y ~ By := Hy — AY) — Y, AT (9.17a)
= H,— PH, — H,P +20P — A(ATA)"'S, — ST(ATA)'A
V2¢, ~ By := H, — PH, — H,P + 20 P, (9.17b)

where P = A(ATA)~1AT. Note that P = P4 here, but this changes when regularization
is used; see Section 9.4. The first approximation ignores V[Y,(z)c] in (9.2b), while the
second ignores S, = S(z, g,(z)). Because we expect c¢(z) — 0 and g,(z) — 0, By and Bs
are similar to Gauss-Newton approximations to V2¢, (), and as Fletcher (1973a, Theorem
2) shows, using them in a Newton-like scheme is sufficient for quadratic convergence if (Ala)
is satisfied.

Because P is a projection on range(A), we can compute products Pu by solving

I Afl|p U
PN

and setting Pu < u — p. Note that with regularization, the (2,2) block of this system is

modified and P is no longer a projection; see Section 9.4.

The approximations (9.17a) and (9.17b) trade Hessian accuracy for computational effi-
ciency. If the operator S(x,v) is not immediately available (or not efficiently implemented),
it may be avoided. Using B requires only least-square solves, which allows us to apply
specialized solvers (e.g., LSQR (Paige and Saunders, 1982a)), which cannot be done when
products with Y1 are required.

9.2.5 Solving the augmented linear system

We discuss some approaches to solving linear systems of the form

=[Z’] K= | L A}, (9.19)

AT 52T
which have appeared repeatedly in this section. Although § = 0 so far, we now look ahead to

p
q

K

regularized systems because they require only minor modification. Let (p*, ¢*) solve (9.19).

Define A5 := | AT 5I]Twhen J > 0; otherwise As := A.

Conceptually it is not important how this system is solved as long as it is with sufficient
accuracy. However, from a practical point of view, this is the most computationally intensive
part of using ¢,. Different solution methods have different advantages and limitations,
depending on the size and sparsity of A, whether A is available explicitly, and the prescribed
solution accuracy. One option is to use direct methods: factorize I once per iteration and
use the factors to solve with each right-hand side. Several factorization-based approaches
can be employed with various advantages and drawbacks—see Appendix C for details.

In line with the goal of creating a factorization-free solver for minimizing ¢, , we discuss
iterative methods for solving (9.19), particularly Krylov subspace solvers. This approach has
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two potential advantages: if a good preconditioner P ~ ATA is available, solving (9.19) could
be much more efficient than with direct methods, and we can take advantage of solvers using
inexact function values, gradients, or Hessian products by solving (9.19) approximately.

When z = 0, (9.19) is a (regularized) least-squares problem: min, |Asq — ws|. We
advocate for LSQR (Paige and Saunders, 1982a), which ensures that the error in iterates py
and g decreases monotonically at every iteration. Furthermore, we can obtain upper bounds
on |p* — pi|| and |¢* — gi| using LSLQ (Chapter 4) when an understimate of i, (AP~/?)
is available. (Note that the error norm for ¢ depends on the preconditioner.)

When w = 0, (9.19) is a least-norm problem: min, [p| s.t. ATp = z. We then advocate
for CRAIG (Craig, 1955) because it minimizes the error in the Krylov subspace. Given the
same underestimate of o, (AP~12), we use LNLQ (Chapter 5) to bound the error norms
for p and gq.

Recall that ¢, and V¢, can be computed by solving only least-squares and least-norm
problems (only one of w and z is nonzero at a time). Furthermore, if (9.17b) is used, the
remaining solves with IC are equivalent to least-squares solves. If both w and z are nonzero
(for products with Y,I'), we can shift the right-hand side of (9.19) and solve the system

0
z—ATw

p
q

K , p=Dp+w.

Thus, (9.19) can in general be solved by CRAIG or LNLQ.

Although K is symmetric indefinite, we do not recommend methods such as MINRES
or SYMMLQ (Paige and Saunders, 1975). Orban and Arioli (2017) show that if full-space
methods are applied directly to K then every other iteration of the solver makes little progress.
If solves with P can only be performed approximately, it may be necessary to apply flexible
variants of nonsymmetric full-space methods to K, such as GMRES (Saad and Schultz, 1986).

9.3 Maintaining explicit constraints

We consider a variation of (NP) where some of the constraints ¢(x) are easy to maintain
explicitly; for example, some are linear. We can then maintain feasibility for a subset of
the constraints, the contours of the ¢, are simplified, and as we show soon, the threshold
penalty parameter o* is decreased. We discuss the case where some of the constraints are
linear, but it is possible to extend the theory to any type of constraint.

Consider the problem
minimize f(x),

TER™
subject to c¢(z) =0 : g, (NP-EXP)
BTz =d : w,
where we have nonlinear constraints c(z) € R™ and linear constraints BTz = d with

B e R ™2 g0 that m; + mo = m. The respective dual variables for the constraints are
y € R™ and w € R™2. We assume that (NP-EXP) at least satisfies (A2a), so that B has
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full column rank. We define the penalty function problem to be

minimize ¢, (z) := f(x) — c(x)Ty,(z) subject to Bz =d,

zeR™
@ 1Ty (9.20)
BTy — d] [w} ’

which is similar to (PP) except the linear constraints are not penalized in ¢, (x), and the

L@i((ﬂ = argmin }|A(e)y + B — g(x)|* + 0

penalty function is minimized subject to the linear constraints. A possibility is to penalize the
linear constraints as well, while keeping the linear constraints explicit; however, penalizing
the linear constraints in ¢, (z) introduces additional nonlinearity, and if all constraints are
linear, it makes sense that the penalty function reduces to (NP-EXP).

9.3.1 Properties of the modified penalty function

Define W, (x) := Vw,(x) € R"*™2 and C(x) := [A(z) B] as the Jacobian of all constraints.
The operators g, (), Hy(z), S(x,v) and T(z,w) are still defined over all constraints, not
just the nonlinear ones, and so they act on C'(z) instead of A(z). Define

99(x) = g(z) — A(@)y, (z) (9-21)

as the gradient of the partial Lagrangian with respect to the nonlinear constraints ¢(z) only
(note that the linear constraints do not affect H,). The gradient and Hessian of the penalty
function are the same as (9.2), except that g,(z) is replaced by ¢¥(z) in (9.2a).

We restate the optimality conditions for (NP-EXP) in terms of the penalty function.

Definition 9.7 (First-order KKT point) The point x* is a first-order KKT point of
(NP-EXP) if there exists a Lagrange multiplier w* € R™2 for the linear constraints such that
for any o = 0 the following hold:

c(x*) =0, (9.22a)
BTz* =d, (9.22b)
Voo (z*) = Bw*. (9.22¢)

The elements of y* := yo(x*) and w* := we(x*) are the Lagrange multipliers of (NP-EXP)
associated with x*.

Definition 9.8 (Second-order KKT point) The first-order KKT point x* satisfies the
second-order necessary KKT condition for (NP-EXP) if for any o = 0,

pTV2p,(2*)p = 0 for all p such that C(z*)"p = 0. (9.23)
The condition is sufficient if the above inequality is strict.

For a given first- or second-order KKT solution (z*,y*), the threshold penalty parameter
becomes

* . 1y+
g = §>‘max

(PEPcH, (2*,y*)PcPp) < M5 (PcH, (2%, y")Pc). (9.24)

max
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Inequality (9.24) holds because Pp is an orthogonal projector. If the linear constraints were
not explicit, the threshold value would be the right-most term in (9.24). Intuitively, the
threshold penalty value decreases by the amount of the top eigenspace of the Lagrangian
Hessian that lies in the range of BT, because positive semidefiniteness of V2¢, (z*) along
that space is guaranteed by Definition 9.8.

The following result is analogous to Theorem 9.4 with the smaller threshold value.
Theorem 9.9 Suppose T is a first-order necessary KKT point for (9.20):

BTz = d,
V¢, (%) = Bw*,

and let x7 and a3 be first- and second-order necessary KKT points respectively for (NP-EXP).
Then for all p # 0 such that BTp = 0,

o> |A@) T PpYy(z)] = g¢(z) = A(@)ys(Z) + Buwy(Z), c(z)=0; (9.25a)
o> |PpA@})Ys(a)"| — o=0%; (9.25b)
p"V3%,(23)p =0 — o3>0 (9.25¢)

If x5 is second-order sufficient, the inequalities in (9.25¢) hold strictly.

Proof. We prove (9.25a), (9.25¢) and (9.25b) in order. Observe that the multiplier
estimates y, () and w,(x) satisfy

C(x)"C(x)

=C(x)Tg(z) — 0o lB;(I) d] . (9.26)

W (x)
Proof of (9.25a): If 7 is a first-order KKT point for (9.20), then
Bw* = g() — A(7)yo (T) — Yo (7)c(7),

and by multiplying both sides by C(Z)” and using (9.26) we have

A@)'Buwt | He@) | | A@) Buo ()| _ ( ) o (Z)c(T)
BTBw* 0 BTBw, () Ty, (z)e(x) |’
so that w, (%) = w* + (BTB)"'BTY,(Z)c(Z). Substituting w,(Z) into the first block of
equations and rearranging gives
A(Z)PYy(2)c(Z) = oc(T).

The triangle inequality gives o|c(z)| < |A(Z)T PpY,(Z)||lc(Z)|, implying ¢(z) = 0. Then
Wy (Z) = w* and g,(Z) = 0, so 7 is a first-order KKT point for (NP-EXP).
Proof of (9.25c): As in the proof of (9.7¢), we differentiate (9.26) to obtain

C(z)C(x) = C(z)T[Hy(x) — oI] + S(z, g, (x)). (9.27)
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Because x3 satisfies first-order conditions (9.22), g, (x) = 0 and so for Po = Po(z),
A(25)Y, (x3)" + BW,(23)" = Pc[H,(a3) — ol]. (9.28)
Substituting into (9.2b) and using H, (x%) = H,(x%,y*) and Pc + Pc = I gives
V2¢,(25) = PcH, (x5,y*)Pc — PcH,(z5,y*)Pc + 20 Pc — BW,(z)" — W, (2)B”.
Because BTp = 0, we can write p = Pgp and hence

0 < p"'V3¢s(a3)p
< 0< PgPcH,(25,y")PcPp — PgPcH,(25,y")PcPp + 20 PpPcPp,

which is equivalent to ¢ > o*.

Proof of (9.25b). With z7 in (9.28) and again using properties of Pc and Pg,

0 > |PpA(2})Y,(51)] = [PpPo(H. (27, y") — o)

> |PpPo(H,(27,y") — ol)Pc Pl
> |PpPoH.(z],y*)PoPg| — |oPcPsl|
> 20" — 0.
Thus o > o* as required. 0

9.3.2 Evaluating the penalty function and derivatives

We again drop the arguments on functions and assume they are evaluated at x for some o.
The multipliers for evaluating the penalty function are obtained by solving

I A B 9o g
AT Yo | = oc . (9.29)
BT We o(Bx —d)

To compute the gradient and Hessian products, we use the identity

YT
WT

(e

c’c =CYH, —oI] + S, (9.30)

to obtain the necessary products with Y, and Y,Z. Observe that

g] , YUT’U = [I O] [;}7}] v,

so that Algorithm 6 and Algorithm 7 can be applied.

You = [Yg Wg]

Note that to compute Vo, (), g¥ is not available directly from the solution to (9.29)
and must be computed explicitly using (9.21).
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Approximate products with V2¢, can be computed via

V3¢, ~ By := H, — AYT —y AT (9.31)
—H, - [A o] (CTC) O (H, — oI) — [A o] (CT0)1s,
AT AT
— (H, —oI)C(CTC)™! [ 0 ] — S, (CcTey ! 0 1
: i nr A"
~ By:= H, — [A 0] C'(Hy —ol) = (Hy —o1) (C")"| |- (9.32)
For products with the pseudoinverse and its transpose, we can compute
[“1 — (CTo) 1Ty, v =C(CTC)! “11
U2 U2
by solving the respective block systems
I A B t v I A B v 0
AT (51 = 0 B AT t1 = —Uui | . (933)
BT u 0 BT tz —U2

Thus we can obtain the same types of Hessian approximations with two augmented system
solves, except in By they now correspond to both least-squares and least-norm solves instead
of only projections.

9.4 Regularization

Even if A(z*) has full column rank, A(x) might have low column rank or small singular
values away from the solution. If A(x) is rank-deficient and c(z) is not in the range of A(z)7,
then y,(x) and ¢,(z) are undefined. Even if A(z) has full column rank but is close to
rank-deficiency, the linear systems (9.13)—(9.15) and (9.18) are ill-conditioned, threatening
inaccurate solutions and impeded convergence.

We modify ¢, by changing the definition of the multiplier estimates in (9.1b) to solve a
regularized shifted least-squares problem with regularization parameter § > 0:

b0 (2;0) := f(z) — c(x) Yo (23 6) (9.34a)
Yo (2;0) 1= argmin $IA@)y — g(2)]3 + oc(x)Ty + 567 yl3. (9.34D)

This modification is similar to the exact penalty function of Di Pillo and Grippo (1986). The
regularization term $02|y|3 ensures that the multiplier estimate y,(z;6) is always defined
even when A(z) is rank-deficient. The only computational change is that the (2,2) block of
the matrices in (9.13)—(9.15) and (9.18) is now —&21.

Besides improving cond(K), § > 0 has the advantage of making K symmetric quasi-
definite. Vanderbei (1995) shows that any symmetric permutation of such a matrix possesses
an LDLT factorization with L unit lower triangular and D diagonal indefinite. Result 2
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of Gill, Saunders, and Shinnerl (1996) implies that the factorization is stable as long as ¢
is sufficiently far from zero. Various authors propose regularized matrices of this type to
stabilize optimization methods in the presence of degeneracy. In particular, Wright (1998)
accompanies his discussion with an update scheme for ¢ that guarantees fast asymptotic
convergence.

We continue to assume that (NP) satisfies (A1b), but we now replace (A2b) by (A2a).
For a given isolated local minimum z* of (NP), o sufficiently large, and § sufficiently small,
we define

2(8) := argmin, |z — 2*|| such that z is a local-min of ¢, (x;0d)

for use as an analytical tool in the upcoming discussion.
Note that for § > 0, we would not expect that z:(6) = z*, but we want to ensure that
x(d) — x* as § — 0. Note that for & such that y,(x) is defined,

Yo(2;0) = (A(2)"A(w) + 6°1) 7 A(2) " A(x)yo (2)
= Yo () — 6*(A(w) T A(x) + 6°1) " yo ().

Therefore for « such that ¢, (x) is defined, we can write the regularized penalty function as
a perturbation of the unregularized one:

¢o(7;0) = f(x) — c(x)"yo (w3 6)
= f(z) — c(x)Tys (z) + 6%c(z)T(A(z)TA(z) + 6%1) Ly, (2)
= ¢o(z) + 0> Ps(x), (9.35)

where Ps(z) = c(z)T(A(z)T A(z) + §°I) "'y, (z). By (Alb), Ps is bounded and has at least

two continuous derivatives in a neighbourhood of z*.

Theorem 9.10 Suppose (A1b) and (A2a) are satisfied, x* is a second-order KKT point
for (NP), and V2¢,(z*) > 0. Then there exists 6 > 0 such that z(8) is a Cy function for
0 <6 < 4. In particular, |z(8) — z*| = O(6).

Proof. The theorem follows from the Implicit Function Theorem (Ortega and Rheinboldt,
2000, Theorem 5.2.4) applied to V¢, (x;0) = 0. d

An option to recover z* using ¢, (x;d) is to minimize a sequence of problems defined
by xp4+1 = argming ¢, (z; k) with § — 0, using zj to warm-start the next subproblem.
However, we show that it is possible to decrease § within a single problem, while retaining
fast local convergence.

To keep results independent of the minimization algorithm being used, for a family of
functions F we define G : F x R® — R™ such that for f € F and an iterate =, G(f,x)
computes an update direction. For example, if 7 = Cy, we can represent Newton’s method
with G(f,z) = —H(x) 'g(x), where g(z) = Vf(x) and H(z) = V2f(x). Define v(§) as a
function such that for repeated applications, v*(§) — 0 as k — oo at a chosen rate; for
example, for a quadratic rate, we let v(d) = §2.

Algorithm 8 describes how to adaptively update § each iteration. In order to analyze
it, we formalize the notions of rates of convergence using definitions equivalent to those of
Ortega and Rheinboldt (2000, §9).
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Algorithm 8 Minimization of the regularized penalty function ¢, (z,d) with 6 — 0

: Choose x1, dg

:for k=1,2,...do
Set 0y, « max {min {|Vés (zx; Ik—1)|,0k—1},v(0k—-1)} (9.36)
pr < G (do (-, 0), xx)
Th4+1 < Tk + Pk

end for

A N T

Definition 9.11 We say that x, — x* with order at least T > 1 if there exists M > 0
such that, for all sufficiently large k, ||xp+1 — x*| < M|ay — «*|7. We say that z), — x*
with R-order at least T > 1 if there exists a sequence ay, such that, for all sufficiently large k,

zr — 2% < ag, ay, — 0 with order at least T.

We first show that any minimization algorithm achieving a certain local rate of convergence
can be regarded as inezact Newton (Dembo et al., 1982).

Lemma 9.12 Let f(z) be a Cy function with local minimum x* and H(z*) > 0. Suppose
we minimize f according to

Th1 = Tk + Dk pr = G(f, x1), (9.37)

such that xy — x* with order at least T € (1,2]. Then in some neighborhood of x*, the update
procedure G(f,x) is equivalent to the inexact-Newton iteration

Thpr < T+ pk, H@ope = —g(@) +re, el = O(lg()[7). (9.38)

Proof. There exists a neighborhood Ny (z*) such that for any z{Y € Ny (2*), the Newton

update z}, | =z} + ppy with H(zf) )pi = —g(x}) is quadratically convergent:
lo* = ayr | < Mifla® — 2|2, xp € Ny(a*).

Similarly let Ng(z*) be the neighborhood where order 7 convergence is obtained for (9.37)
with constant My. Let B.(z*) = {2 | |2* — 2| < ¢}. Choose ¢ < min{M; *,1} such that
B.(z*) € Ny n Ng, and observe that if g € B.(z*), then zj € Be(z*) for all k because
|x* — x| is monotonically decreasing. By continuity of H(z), there exists M3 > 0 such that
|H(z)| < M3 for all B¢(x*). Then for x € B.(z*),

H(zk)(xr1 — x — py) |

(
(

Irell = 1H (zr)pr + g(zx)|

< |H(@e) ok — 2* + 2 — 24|
< Ms(|zpsr — 2| + o, —2*])
< Ms(My + M|z — 2|7,

Because f € (s, there exists a constant My such that |z — z*| < My|g(xy)| for =y €
Ng(z*) n Ny (x*). Therefore |rg| < MyMs(My+ Ms)|g(zk)|™, which is the inexact-Newton
method, convergent with order 7. ]
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Note that Lemma 9.12 can be modified to accommodate any form of superlinear convergence,
as long as |ry| converges at the same rate as x — z*.

Theorem 9.13 Suppose that (A1b) and (A2a) are satisfied, x* is a second-order KKT
point for (NP), V3¢, (z*) > 0, and there exists & and an open set B(x*) containing x* such
that for %o € B(z*) and & < 0§, the sequence defined by Tp1 = Tr + G(do(+;9), 1) converges
quadratically to x(9):

|2(8) = Fpa || < Msla(5) — 2y

Further suppose that for § < 8, Ms < M is uniformly bounded. Then there exists an open
set, B'(z*) that contains x*, and ' > 0 such that if x € B'(z*), § < &' and x, — x* for xy
defined by Algorithm 8 (with v(8) = 62), then x), — x* R-quadratically.

The proof is in Appendix D. Although there are many technical assumptions, the takeaway
message is that we need only minimize ¢, (;dx) until |V, | = O(dx), because under typical
smoothness assumptions we have that |z(§) — 2*| = O(9) for § sufficiently small. Decreasing
0 at the same rate as the local convergence rate of the method on a fixed problem should
not perturb ¢, (x; ) too much, therefore allowing for significant progress on the perturbed
problem in few steps. Within the basin of convergence and for a fixed § > 0, an optimization
method would achieve the same local convergence rate that it would have with § = 0 fixed.

Theorem 9.13 can be generalized to superlinear rates of convergence using a similar proof.
As long as v(-) drives 6 — 0 as fast as the underlying algorithm would locally converge for
fixed ¢, local convergence of the entire regularized algorithm is unchanged.

9.5 Inexact evaluation of the penalty function

We discuss the effects of solving (9.19) approximately, and thus evaluating ¢, and its
derivatives inexactly. Various optimization solvers can utilize inexact function values and
derivatives while ensuring global convergence and certain local convergence rates, provided
the user can compute relevant quantities to a prescribed accuracy. For example, Conn et al.
(2000, §8-9) describe conditions on the inexactness of model and gradient evaluations to
ensure convergence, and Heinkenschloss and Ridzal (2014) describe an inexact trust-region
SQP solver for PDE-constrained optimization using inexact function values and gradients.
We focus on inexactness within trust-region methods for optimizing ¢,.

The accuracy and computational cost in the evaluation of ¢, and its derivatives depends
on the accuracy of the solves of (9.19). If the cost to solve (9.19) depends on solution
accuracy (e.g., with iterative linear solvers), it is advantageous to consider optimization
solvers that use inexact computations, especially for large-scale problems.

Let S € R™ be a compact set. In this section, we use &,(m), V&,(x), etc. to distinguish
the inexact quantities from their exact counterparts. We also drop the arguments from
operators as in Section 9.2. We consider three quantities that are computed inexactly: g,,
¢, and V¢, . For given error tolerances 7;, we are interested in exploring termination criteria
for solving (9.19) to ensure that the following conditions hold for all z € S:

’¢0 - 5{7‘ < Mnlv (939&)
|Véo — Voo < Mns, (9.39b)
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lgo = goll < Mns, (9.39¢)

where M > 0 is some fixed constant (which may or may not be known). Kouri, Heinkenschloss,
Ridzal, and van Bloemen Waanders (2014) give a trust-region method using inexact objective
value and gradient information that guarantees global convergence provided (9.39a)—(9.39b)
hold without requiring that M be known a priori. We may compare this to the conditions of
Conn et al. (2000, §8.4, §10.6), which require more stringent conditions on (9.39a)—(9.39b).
They require that 7y = HV(ZUH and that M be known and fixed according to parameters in
the trust-region method.

This leads us to the following proposition, which allows us to bound the residuals of
(9.13) and (9.15) to ensure (9.39).

Proposition 9.14 Let S be a compact set, and suppose that omin(A(z)) = A > 0 for all
x€S. Then forxeS, if
|9
oc

then (9.39a) and (9.39¢) hold for some constant M. Also, if

I

then (9.39b) holds for some (perhaps different) constant M.

~
9o
~

o

[ri] = |K < min{1, HCH_l} -min{ny, N3}, (9.40)

v

~

[rill < m2 and s = K < min{1, 72}, (9-41)

Proof. Because S is compact and A > 0, there exists A > 0 such that |, [~| < A for
all z € S. Thus, (9.39¢) follows directly from (9.15) and (9.40) with M = \. Similarly,

|60 — bo| = |¢" (vo = 5)] < el Iy — Tl < D,

and (9.39a) holds with M = X\. We apply a similar analysis to ensure that (9.39b) holds.
Define the vector h € R™ such that h; = ||H;||. Define v, w as the solutions to (9.41) for
ro = 0, so that from (9.41) we have

1Yo — Vool < llgo — Goll + [Yoc — Yoc

<A+ |(Hy — ol)v — STw — (Hy, — o1)¥ + ST
<A+ ofv =B + |Hov — H,d|| + | STw — ST
< (A +oX) me + |Hy (v —3) + (H, — Hy)7|

+ S5 (w = @) + (S5 = 55) " @

< (At o) 2 + [Ho o =0 + 1 Y (yo)s — (Fa)i) Hil 7]

i=1

m
+ 1o llw =@l + || ) @iHillgs — gl
i=1

< (A+ oA+ [Ho | A+ N@[[A] + 1o [ X+ [@][A[X) 72.

Note that |H,|, ||, S|, |@] and |v] are bounded uniformly in S. |
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In the absence of additional information, using (9.39) with unknown M may be the only
way to take advantage of inexact computations, because computing exact constants (such as
the norms /C or the various operators above) is not practical. In some cases the bounds (9.39)
are relative, e.g., 75 = min{|V¢,||, A} for a certain A > 0. It may then be necessary to
compute |V, | and refine the solutions of (9.15) and (9.13) until they satisfy (9.40)—(9.41).
However, given the expense of applying these operators, it may be more practical to use a
nominal relative tolerance, as in the numerical experiments of Chapter 11.

We include a (trivial) improvement to Proposition 9.14 that satisfies (9.39a) and (9.39c¢)
with M = 1, given additional spectral information about A. If we solve (9.15) by solving

0
= y o = +A 2]
[UC—ATgl 9o =9 g

I A
AT 0

Ag,
Yo

we can use LNLQ (Chapter 5), a Krylov subspace method for such systems, which ensures
that |Age —AGY) | and |y, 7 | are monotonic, where AGY, 59 are the jth LNLQ iterates.
Given A > 0 such that opmin(A) = A, LNLQ can compute cheap upper-bounds on |Ag, —Aﬁgj) |
and ||y, g |, allowing us to terminate the solve when |Ag, — Agy | < 72| Agy + 9| = 72)|7s |
and |yo — | < min{1, |c[|*}n;. Typically, termination criteria for the optimization solver
will include a condition that ||g,| < €4 to determine approximate local minimizers to (NP).
For such cases, we can instead require that ||§,| < ﬁed, because then
I951 < ll90 = Goll + 1901l < (1 +n2) o] < €a-

Similarly, we have
|60 — 0o < lcllye — ol < m,

which now satisfies (9.39a) with M = 1.

Although finding suitable A may be difficult in general, it is trivially available in some
cases because of the way K is preconditioned (for an example, see Chapter 11). However, a
complication is that if LNLQ is used with a right-preconditioner P ~ ATA, then |y, — ¥, |p is
monotonic and LNLQ provides bounds on the preconditioned norm instead of the Euclidean
norm. If [P~1| can be bounded, then the bound ||y, — ¥ | < |ys — ¥o |2 |P 71| can be used.



Chapter 10
The inequality-constrained case

We now consider the general problem (NP) under assumptions (A1b) and (A2b) in particular.
Recall that the penalty function (defined in (8.1)) is

o (2) = f(z) — c(2) Yo (@)

Yo () := argmin, 3[A(2)y — g(2)|3,, + oc(@)Ty,
Notice that the multiplier estimate (9.1b) for equality-constrained problems differs from the
above by scaling the least-squares problem with Q(z). The diagonal entries of the scaling
matrix Q(x) (defined in (8.5)) are smooth approximations of the complementarity function
q(z) ~ min{z — ¢,u — x}; see Chen (2000). Fig. 10.1 plots ¢(x) with finite ¢ and w.

The definition of y,(z) (8.2) can be interpreted as a smooth approximation of the
complementarity conditions in the first-order KKT conditions (10.2d)—(10.2f) below. The
role of Q(z) is therefore to ensure that the gradient of the Lagrangian is zero only at
indices corresponding to inactive bounds. Several researchers have provided approaches
for dealing with complementarity constraints in a similar fashion by introducing nonlinear
constraints—see for example Anitescu (2000) and Leyffer (2006).

For a scalar z, the derivative of g(x) is

0 if { = —o0 and u = o0,

b 1-2@2z4+u—0-%) elseif u+ -2z <%,

q(z) = _ (10.1)
1 elseifz — 0 <u—z,
-1 elseif x — 4 >u—z.

The choice of ¢(x) is not unique because any nonnegative smooth concave function that is zero
at z; € {{;,u;} works in our framework. For example, we could use a smooth approximation
of min{z; — ¢;,u; —x;,1} (this potentially can avoid numerical issues that can arise if x is
far from its bounds).

min{z — {,u — z} ,/'\\

N\

Figure 10.1: Plot of g(x), a smooth approximation of min{x — ¢, u — z}.
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10.1 Properties of the penalty function

We show how the penalty function ¢,(x) naturally expresses the optimality conditions
of (NP). We also give explicit expressions for the threshold value of the penalty parameter o.
The gradient and Hessian of the penalty are given in (9.2).

10.1.1 Optimality conditions

The penalty function ¢, is closely related to the (partial) Lagrangian L(x,y) associated
with (NP) that dualizes only the equality constraints. To make this connection clear, we
define the Karush-Kuhn-Tucker (KKT) optimality conditions for (NP) in terms of the
optimality conditions of (PP). From the definition of ¢, and y, and the derivatives (9.2),
the following definitions are equivalent to the KKT conditions.

Definition 10.1 (First-order KKT point) A point (x*,2*) is a first-order KKT point
of (NP) if for any o = 0 the following hold:

L<z*<u (10.2a)
c(z*) =0, (10.2b)
Voo (z*) = 2%, (10.2¢)
27 =0, if j ¢ A(z™), (10.2d)

z; =0, if x = {5, (10.2¢)

z; <0, if ¥ = uy. (10.2f)

Then y* := y,(x*) is the Lagrange multiplier of (NP) associated with x*. Note that by (A3),
inequalities (10.2e) and (10.2f) are strict.

Definition 10.2 (Second-order KKT point) The first-order KKT point (x*, z*) satisfies
the second-order necessary KKT condition for (NP) if for any o = 0,

pIV2¢s(x*)p =0 for allpe C(x*, 2*). (10.3)

The condition is sufficient if the inequality is strict.

Remark 10.3 If (10.2b) is omitted, Definition 10.1 corresponds to first-order KKT
points of (PP). Similarly, replacing C(z*,2*) by Cy(x*, 2*) in Definition 10.2 corresponds
to second-order KKT points of (PP).

The second-order KKT condition says that at a second-order KKT point of (PP), ¢,
has nonnegative curvature only along directions in the critical cone Cy(z*, 2*). However, at
x*, we show that increasing ¢ will increase curvature only along the normal cone of equality
constraints. We derive a threshold value for ¢ so that ¢, has nonnegative curvature even
when A(x*)Tp # 0, as well as a condition on o that ensures stationary points of (PP) are
primal feasible. For a given first- or second-order KKT triple (z*,y*, z*) of (NP), we define

0" = I\ (PO 2 H, (27,4")Q(") 2P (10.4)

where P := PQl/Q(l,*)A(x*).
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Lemma 10.4 If c(z) € range (A(2)7Q(z)), then y,(z) satisfies
A(2)'Q(2)A(2)yo (x) = A()'Q(2)g9(x) — oc(x). (10.5)
Furthermore, if Q(x)A(x) has full rank, then

A@)" Q) A(w)Yo ()"

T (10.6)
= A(z)" [Q(x)Ho(x) — ol + R(z, g0 (x))] + S(z, Q(2)go(2)).

Proof. For any x, the necessary and sufficient optimality conditions for (8.2) give (10.5).
For brevity, let everything be evaluated at the same point x, and drop the argument x from
all operators. By differentiating both sides of (10.5), we obtain

S(QAys) + AT[R(Ay,) + QT(y,) + QAY] = S(Qq) + AT[R(g) + QH — o1]..

By rearranging the above, and using definitions (8.8), we obtain (10.6). 0

Theorem 10.5 Suppose (Z, %) is a first-order KKT point for (PP) with Q(z)Y?A(Z)
full-rank, and let (z*,y*,2*) be a second-order necessary KKT point for (NP). Then

o> |A@)TQ(2)Y,(%)| = T satisfies Definition 10.1; (10.7a)
pIV20,(z*)p=0 «— o=0%, Vpe Co(z*,2%). (10.7b)

If x* is second-order sufficient, then the inequalities in (10.7b) hold strictly.

Proof. Proof of (10.7a): Because 7 is a first-order KKT point for (PP), we need only show
that ¢(Z) = 0. By the complementarity conditions we have (10.2d)—(10.2f), Q(Z)V¢,(Z) = 0,
so that

Q(7)g(z) = QT)A(T)ys (T) + Q(T)Yo (T)c(Z).

Substituting (10.5) evaluated at & into this equation yields, after simplifying,
A(2)1Q(2)Yo (T)e(x) = oc(2).

Taking norms of both sides and using the triangle inequality gives the inequality o|c(z)| <
|A(2)TQ(2)Y, (Z)| |c(%)|, which implies that ¢(z) = 0.

Proof of (10.7b): Because x* satisfies first-order conditions (10.2), we have y* = y,(z)
and Q(x*)gs(2*) = 0, independently of o. We drop the arguments from operators that
take z as input, and assume that they are all evaluated at z*. It follows from (10.6),
H,(z*,y*) = H,, and the definition of the projector P := P2,y a(,+) that

QV2PAYTIQY? = P(Q'V?H, (z*,y*)QY? — oI + R(gs)Q"?). (10.8)

Observe that if p € Cy(x*, 2*), then p = Q/2p for some p € Cy(z*, 2*). Because Q/?g, = 0,
we have R(g,)p = 0. Therefore using (9.2b), (10.8), and the relation P + P = I, we have

P V30, (a*)p =0 = prQY? (H, — AY) ~ Y,AT) QY5> 0
— p’ (PQ1/2H,,Q1/2P — PQ'2H,QV?P + QUP) 5>0.
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Now, because Pp € ker(ATQ'/?) implies that Q'/2Pp € C(x*, 2*), the first term above is
nonnegative according to Definition 10.2. It follows that o must be sufficiently large that
20P — PQY?H,(z*,y*)Q'?P > 0, which is equivalent to o > o™*. d

As in Theorem 9.4, (10.7b) shows that if z* is a second-order KKT point of (NP), there
exists a threshold value o* such that x* will also be a second-order KKT point of (PP).
However, this does not preclude the possibility that there exist minimizers of the penalty
function—for any value of c—that are not minimizers of (NP). However, these are rarely
encountered in practice. Further, we can add a quadratic penalty term which under certain
conditions will ensure that KKT points of (PP) are feasible for (NP) as in Section 9.1.3

10.2 Evaluating the penalty function

As in Section 9.2, we show how to evaluate ¢, ad its derivatives by solving structured
linear systems. In this case, we show that this linear system may be either symmetric or
unsymmetric, and discuss the tradeoffs between both approaches. In either case, if direct
methods are to be used, only a single factorization that defines the solution (8.2) is required
for all products.

We drop the arguments on various functions and assume they are all evaluated at a point
x for some parameter o. We express (10.6) using the shorthand notation

ATQAYT = AT(QH, — oI + R,) + S,. (10.9)

We first describe how to compute products Y,u and Y.Jv, then how to put those pieces
together to evaluate the penalty function and its derivatives.

Every quantity of interest can be computed by solving a symmetric or unsymmetric linear
system and combining the solution with the derivatives of the problem data. Typically it
is preferable to solve symmetric rather than unsymmetric linear systems; however, we find
that additional Jacobian products are needed when the symmetric linear system is used.
The additional cost may be negligible, but this matter becomes application dependent. We
therefore present both options, beginning with the symmetric case.

There are many ways to construct the right-hand sides of the linear systems presented
below. One consideration is that inversions with the diagonal matrix Q2 should be avoided—
even though the diagonal of @ will be assumed strictly positive because of the use of an
interior method (see Chapter 11), numerical difficulties may arise near the boundary of the
feasible set if @Y/2 contains small entries and is inverted.

10.2.1 Computing the product Y, u
It follows from (10.9) that for a given m-vector u,
You = (HyQ — ol + Ry)A(ATQA)'u + ST(ATQA)tu.

Let w = —(ATQA)™'u and v = —Q'?Aw, so that v and w are the solution of the

symmetric linear system
I 124
[ @ ”] - m. (10.10)
w U

ATQ1/2
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Then Y,u = H,QY?v + (oI — R,)Aw — STw. Algorithm 9 formalizes this process.

Algorithm 9 Computing the matrix-vector product Y, u

1: (v,w) « solution of (10.10)
2: return H,QY?v + (0] — R,)Aw — Stw

10.2.2 Computing the product Yv

Again from (10.9), multiplying both sides on the right by v gives
Yiv = (ATQA)'AT(QH, — oI + R,)v + (ATQA) ™1 S,v.

The product u = Y,7v is the solution of the system

I QYA |r
ATQl/Q U

Algorithm 10 formalizes the process.

AT(0] — Ry)v — Syv (10-11)

B l QY2 H v

Algorithm 10 Computing the matrix-vector product Y, 1v

1: Evaluate QY2H,v and A”(6I — R,)v — S,v
2: (r,u) < solution of (10.11)
3: return u

10.2.3 Unsymmetric linear system

We briefly comment on how to use unsymmetric systems in place of (10.10) and (10.11). We
can compute products of the form Y,u = (H, — 0l + R, )0 — STw (where w = —(ATQA)"1u
and ¥ = —Aw), and products u = Y, lv by solving the respective linear systems:

1 A 0
o 1] =

Algorithms 9 and 10 can then be appropriately modified to use the above linear systems.

v (10.12)

w AT —S,v

I QA] H _ [(QHU — oI+ Ry)v

10.2.4 Computing multipliers and first derivatives

The multiplier estimates y, and Lagrangian gradient can be obtained from one of the
following linear systems:

1 Quallal] _[evy 1 Alfe] _[a
PE A T B P | R R

Observe that in the unsymmetric case we obtain g, immediately, and otherwise d = Q'/2¢,.

As noted earlier, computing g, < Q~2d may be inaccurate compared to gy «— g — Ay,
which requires an additional Jacobian product.
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The penalty gradient V¢, = g, — Y,c¢ can then be computed using g, (as described
above) and computing Y, ¢ via Algorithm 9 or its unsymmetric variant.

10.2.5 Computing second derivatives

We approximate V2¢, from (9.2b) using the same approaches as in (9.17):

V%¢y ~ By := Hy — AY,] — Y, AT (10.14a)
— H, — P(QH, + Ry — 01) — (H,Q + R, — oI)P
— A(ATQA)'S, — ST(ATA) 1A
~ By := H, — P(QH, + Ry — oI) — (HyQ + Ry — oI)P, (10.14b)

where P = A(ATQA)"LA. The first approximation drops the third derivative term V[Y,c]
in (9.2b), while the second approximation drops the term S, (x, Qg,) because these terms
are zero at the solution. Therefore, B; and By can be interpreted as Gauss-Newton
approximations of V2¢,. Using similar arguments to those made by Fletcher (1973a,
Theorem 2), we expect these approximations to result in quadratic convergence when
f,c € Cs, and superlinear convergence when f,c € Cs.

Computing products with Bj only requires products with Y, and Y,I', which can be
handled by Algorithms 9 and 10. To compute a product ﬁu, we can solve

I QV2A| |p I Allp u ~
l lq or lATQ 1 lq] = lO] , Pu=—Aq. (10.15)

ATQ1/2
As before, using the unsymmetric system avoids an additional Jacobian product, which may

0
ATy

be negligible compared to solving an unsymmetric system.

10.2.6 Solving the augmented linear system

We comment on various approaches for solving the necessary linear systems

p ! QWA} or l ! A}. (10.16)

q

K

P ATQ1/2 ATQ

= lw] ,  where K=

This is the most computationally intensive step in the penalty approach. Note that when
direct methods are used, a single factorization is needed to evaluate ¢, and its (approximate)
derivatives.

Appendix C describe several approaches for solving the symmetric system (using both
direct and iterative methods). For unsymmetric systems, any sparse factorization of K
may be used; also, we could factorize Q'/2A with a Q-less QR factorization and use the
(refined) semi-normal equations (Bjorck and Paige, 1994) as in the symmetric case (as long

as multiplications with Q—1/2

are avoided).

If iterative methods are used, the unsymmetric system requires unsymmetric iterative
methods such as GMRES (Saad and Schultz, 1986), SPMR (Estrin and Greif, 2018), or
QMR (Freund and Nachtigal, 1991), where the choice of method depends on considerations

such as short- vs. long-recurrence, available preconditioners, or robustness. Note that
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preconditioners approximating P ~ ATQA apply to both the symmetric and unsymmetric
systems; however, unsymmetric solvers may allow inexact preconditioner solves, while
short-recurrence symmetric solvers may not.

If optimization solvers that accept inexact function and derivative evaluations are used
(e.g., Conn et al. (2000, §8-9) or Heinkenschloss and Ridzal (2014)), the results of Section 9.5
apply here as well; that is, bounding the residual norm of the linear systems is sufficient to
bound the function and derivative evaluation error up to a constant (under mild assumptions).
This is useful for applications where solving the linear system exactly every iteration is
prohibitively expensive. Further, when the symmetric system is used, it is possible to
use methods that upper bound the solution error (e.g., CRAIG Arioli (2013) or LNLQ
(Chapter 5)) when an underestimate of the smallest singular value of the preconditioned
Jacobian is available.



Chapter 11

Practical considerations and numerical
experiments

We discuss some matters related to the use of ¢, in practice. In principle, nearly any smooth
unconstrained solver can be used to find a local minimum of ¢, because it has at least one
continuous derivative, and a continuous Hessian approximation if (Ala) is satisfied. However,
the structure of ¢, lends itself more readily to certain optimization methods than to others,
especially when the goal of creating a factorization-free solver is kept in mind.

Fletcher (1973a) originally envisioned a Newton-type procedure
Tps1 < Tp — ax By N (2) Voo (1), i=1or2,

where Bj, Bs are the Hessian approximations from (9.17a)—(9.17b) and ay, > 0 is a step size.
Fletcher (1973a, Theorem 2) further proved that superlinear convergence is achieved, or
quadratic convergence if the second derivatives of f and c¢ are Lipschitz continuous. However,
for large problems it is expensive to compute B; explicitly and solve the dense system
Bisy, = _v¢cf(xk)'

We instead propose using a Steihaug (1983) Newton-CG type trust-region solver to
minimize ¢,. First, trust-region methods are preferable to linesearch methods (Nocedal and
Wright, 2006, §3—4) for objectives with expensive evaluations; it is costly to evaluate ¢,
repeatedly to determine a step-size every iteration as this requires solving a linear system.
Further, V2¢, is often indefinite and trust-region methods can take advantage of directions
of negative curvature. Computing B; explicitly is not practical, but products are reasonable
as they only require solving two linear systems with the same matrix, thus motivating the
use of a Newton-CG type trust-region solver. In particular, solvers such as TRON (Lin and
Moré, 1999b) and KNITRO (Byrd, Nocedal, and Waltz, 2006) are suitable for minimizing ¢,-.
KNITRO has the additional advantage of handling explicit linear constraints.

Further, we recommend interior solvers rather than exterior or active-set methods. For
¢o(x) to be defined, we require that Q(z) > 0 (thus disqualifying exterior point methods)
and that Q(x)/2A(x) has full column-rank (so that at most n — m components of  can
equal a bound). Even if (A2b) is satisfied, an active-set method may choose a poor active set
that causes ¢, (z) to be undefined (or it may have too many active bounds). On the other
hand, interior methods ensure that Q(z) > 0 and avoid this issue (at least until 2 converges
and approaches the bounds).

We have not yet addressed choosing o. Although we can provide an a posteriori threshold
value for ¢*, it is difficult to know this threshold ahead of time. Mukai and Polak (1975)
give a scheme for updating p with ¢, , and ¢ = 0; however, they were using a Newton-like
scheme that required a solve with By (z). Further, c* ensures only local convexity, and that
a local minimizer of (NP) is a local minimizer of ¢,—but as with other penalty functions,

98
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¢, may be unbounded below in general for any o. A heuristic that we employ is to ensure
that the primal and dual feasibility, ||c(x)| and | g, (z, ¥, (z))|, are within some factor of each
other (e.g., 100) to encourage them to decrease at approximately the same rate. If primal
feasibility decreases too quickly and small steps are taken, it is indicative of o being too
large, and similarly if primal feasibility is too large then o should be increased; this can
be done with a multiplicative factor or by estimating |Pa(z)Hy(x)Pa(x)| via the power
method. Although this heuristic is often effective in our experience, in situations where
the penalty function begins moving toward negative infinity, we require a different recovery
strategy, which is the subject of future work.

In practice, regularization (Section 9.4) is used only if necessary. For well-behaved
problems, using § = 0 typically requires fewer outer iterations than using § > 0. However,
when convergence is slow and/or the Jacobians are ill-conditioned, initializing with 6 > 0 is
often vital and can improve performance significantly.

11.1 Numerical experiments

We investigate the performance of Fletcher’s penalty on several PDE-constrained optimization
problems and some standard test problems. For each test we use the stopping criterion

le(zr)] < e

[N (2)go(r)| < €q or IN(2)V ¢o ()| < €a, (11.1)

with N(z) := diag(min{z — f,u — x,1}), € = €(1+ |zklloo + [c(z0)]w), and eq :=
€(1+ |ykloo + |go(x0)]o), where € > 0 is a tolerance, e.g., e = 1078. We also keep o
fixed for each experiment.

Depending on the problem, the augmented systems (10.16) are solved by either direct or
iterative methods. For direct methods, we use the corrected semi-normal equations (Bjorck
and Paige, 1994); see Appendix C. For iterative solves, we use CRAIG (Craig, 1955; Arioli,
2013) (computed via LNLQ) with preconditioner P and two possible termination criteria:

. (k) (k) I
| T k) ST k) ) (11.2a)
lq 7 lp T lp P
(k)
K12 |- [“} < [“} : (11.2b)
q vl v -
7)—1 'p—l

which are respectively based on the relative error (obtained via LNLQ; see Chapter 5) and
the relative residual. We can use (11.2a) when a lower bound on oy, (AP~1/?) is available
(e.g., for the PDE-constrained optimization problems).

We use KNITRO (Byrd et al., 2006) and a Matlab implementation of TRON (Lin and
Moré, 1999b). Our implementation of TRON! does not require explicit Hessians (only
Hessian-vector products) and is unpreconditioned. We use Bj(x) (10.14a) when efficient
products with S(u,z) are available, otherwise we use Ba(z) (10.14b). When ¢, is evaluated
approximately (for coarse 1), we use the solvers without modification, thus pretending that
the function and gradient are evaluated exactly.

Thttps://github.com/optimizers/bcflash
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Table 11.1: Results of solving (11.3) using TRON to minimize ¢,, with various 7 in (11.2a)
(left) and (11.2b) (right) to terminate the linear system solves. We record the number of
function/gradient evaluations (#f,¢), Lagrangian Hessian (#Hwv), Jacobian (#Av), and
adjoint Jacobian (#A%v) products.

n ‘Iter. #f,g #HHv #Av #ATv‘Iter. #f.g #Hv H#Av H#ATv

1072 37 37 19112 56797 50553 | 35 35 7275 29453 27148
1074 34 34 6758 35559 33423 | 35 35 7185 36757 34482
107¢ 35 35 7182 45893 43619 | 35 35 7194 47999 45721
1078 35 35 7176 53296 51204 | 35 35 7176 54025 51753
10710 | 35 35 7176 59802 57530 | 35 35 7176 59310 57038

error-based termination residual-based termination

11.2 1D Burger’s equation

We solve the following one-dimensional ODE-constrained control problem:

. 2
minimize %JQ (u(s) —uq(s))”ds + 3a .[Q 2(s)?dx
11.
subject to —VUgs +ulg = z+ h in £, (11.3)

uw(0) =0, u(l) = —1,

where the constraint is a 1D Burger’s equation over Q = (0,1), with A(s) = 2 (v + s*) and
v = 0.08. The first objective term measures deviation from the data uy(s), while the second
term regularizes the control with a = 1072. We discretize (11.3) by segmenting Q into
n. = 512 equal-sized cells, and approximate v and z with piecewise linear elements. This
results in a nonlinearly constrained optimization problem with n = 2n, = 1024 variables and
m = n, — 1 constraints.

We optimize x = (u, 2) by minimizing ¢, with o = 103, using By (z) (9.17a) as Hessian
approximation and ug = 1, zg = 1 as the initial point. We use TRON to optimize ¢,
and LNLQ to (approximately) solve (10.16). We partition the Jacobian of the discretized
constraints into A(z)T = [Au(x)T Az(x)T], where A, (z) € R"*™ and A,(x) € R™*" are
the Jacobians for u and z. We use the preconditioner P(z) = A, (z)TA,(z), which amounts
to performing two solves of Burger’s equation with a given source. For this preconditioner,
Omin(AP~Y2) > 1, allowing us to bound the error via LNLQ and to use both (11.2a)
and (11.2b) to terminate LNLQ. The maximum number of inner-CG iterations (for solving
the trust-region subproblem) is n.

We choose € = 1078 in the stopping conditions (11.1). Table 11.1 records the number of
Hessian- and Jacobian-vector products as we vary the accuracy of the linear system solves
via 7 in (11.2). TRON required a moderate number of trust-region iterations. However,
evaluating ¢, and its derivatives can require many Jacobian and Hessian products, because
for every product with the approximate Hessian we need to solve an augmented linear
system. On the other hand, the linear systems did not have to be solved to full precision.
As 7 increased from 10710 to 1072, the number of Hessian-vector products stayed relatively
constant, but the number of Jacobian-vector products dropped substantially, and the average
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Table 11.2: Results of solving (11.4) using TRON to minimize ¢, with various n in (11.2a)
(left) and (11.2b) (right) to terminate the linear system solves. We record the number of
function/gradient evaluations (#f,¢), Lagrangian Hessian (#Hwv), Jacobian (#Av), and
adjoint Jacobian (#A%v) products.

N ‘Iter. #f,g F#F#Hv #Av #ATU‘Iter. #f.g #Hv H#Av #ATv

1072 29 29 874 1794 2608 27 27 850 1772 2562
1074 27 27 830 1950 2728 25 25 668 1649 2265
10-6 27 27 866 2317 3129 27 27 868 2356 3168
1078 27 27 866 2673 3485 27 27 866 2784 3596
10710 | 27 27 866 3145 3957 27 27 866 3251 4063

error-based termination residual-based termination

number of LNLQ iterations required per solve dropped from about 9 to 5, except when
n = 1072 in (11.2a) and the linear solves were too inaccurate so that the number of CG
iterations per trust-region subproblem increased dramatically near the solution (requiring
more linear solves). Using (11.2b) tended to perform more products with the Lagrangian
Hessian and Jacobian, except when the linear solves were nearly exact, or extremely inexact.

11.3 2D Inverse Poisson problem

Let Q = (0,1)? denote the physical domain and H'(f2) denote the Sobolev space of functions
in L?(2), whose weak derivatives are also in L?(€2). Let H}(Q2) = H(Q) be the Hilbert
space of functions whose value on the boundary 02 is zero. We solve the following 2D
PDE-constrained control problem:

L 2
minimize 1 J (u—wuq) ds+ %aj 22ds
ueH} (Q), 2eL2(Q) Q Q

subject to -V -(zVu)=h inQ,
u=0 in 0.

(11.4)

Let ¢ = (0.2,0.2) and define S; = {s | s —¢|2 < 0.3} and Sy = {s | |s — ¢|1 < 0.6}. The
target state ug is generated as the solution of the PDE with 2*(s) = 1+0.5-Ig, (s)+0.5-Ig,(s),
where for any set C, Io(s) =1 if s € C' and 0 otherwise.

The force term is h(s1, s2) = — sin(ws1) sin(wsz), with w = 7 — §. The control variable 2
represents the diffusion coefficients for the Poisson problem that we are trying to recover based
on the observed state uy. We set o = 107% as regularization parameter. We discretize (11.4)
using P; finite elements on a uniform mesh of 1089 triangular elements and employ an
identical discretization for the optimization variables z € L?(€), obtaining a problem with
n, = 961 states and n, = 1089 controls, so that n = n,, + n,. There are m = n,, constraints,
as we must solve the PDE on every interior grid point. The initial point is ug = 1, zg = 1.

We use o = 1072 as penalty parameter and By(x) as Hessian approximation. We again
use LNLQ for the linear solves, with the same preconditioning strategy as in Section 11.2.
The results are given in Table 11.2. We see a trend similar to that of Table 11.1, as larger n
allows TRON to converge within nearly the same number of outer iterations and Lagrangian
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Table 11.3: Results of solving (11.4) with z > 0 using KNITRO on (PP) with various » in
(11.2a) (left) and (11.2b) (right) to terminate the linear system solves. The top (resp. bottom)
table records results for the smaller problem with n = 2050, m = 1089 (resp. larger problem
with n = 20002, m = 10201). We record the number of function/gradient evaluations (#f, g),
Lagrangian Hessian (#Hwv), Jacobian (#Av), and adjoint Jacobian (#A%v) products.

n Tter. #f,g #Hv H#Av #A ‘ Iter. #f,g #Hv #Av #ATw

1072 46 64 2856 8436 8611 67 81 4374 12915 13145
1074 43 95 2168 6642 6796 36 51 1458 4642 4781
10-6 35 46 2120 6876 7004 29 35 1194 4138 4238
10-8 39 50 2322 7833 7973 47 71 7062 22150 22340
10710 | 37 47 2236 8110 8242 43 58 3170 11565 11725

1072 144 176 3662 12395 12892 | 100 126 3716 11702 12055
1074 131 177 4002 14470 14956 | 83 117 2752 9264 9582
1076 103 135 4386 15035 15409 | 88 132 4170 14421 14774
10-8 73 103 3250 11960 12244 | 101 133 3726 13878 14246
10710 | 79 109 4088 15527 15825 | 104 139 5378 20291 20674

error-based termination residual-based termination

Hessian-vector products (even when n = 10~2), while significantly decreasing the number
of Jacobian-vector products. We see again that using (11.2a) to terminate LNLQ tends to
need less work than with (11.2b). The exception is using (11.2b) with n = 10~*. The solver
terminates two iterations sooner, resulting in a sharp drop in Jacobian-vector products but
equally good solution quality. Note that if € = 10~ were used for the experiment, the runs
would appear more similar to one another.

We now solve (11.4) with the additional bound constraint z > 0 (keeping the diffusivity
coefficient nonnegative). We solve the problem with the same discretization as before, as
well as a second refined discretization with n, = 10201, n, = 9801.

We optimize © = (u, z) by applying KNITRO to (PP) with the same initial conditions
and penalty parameter. We again use the preconditioner P(z) = A, (x)TA,(z), which
ensures that o (A(z)P~/2) > 1 because the bound constraints only apply to z > 0. Then
Q(x) = blkdiag(I, Z) with Z = diag(z), and

P1A)TQ(z)A(z) = P H(Au(z)TAu(z) + AL (2)Z A, (2))
=1 +P A (z)ZA,(z).

Therefore we can use LNLQ with either (11.2b) or (11.2a) as termination criterion.

The results are recorded in Table 11.3. We observed that for the smaller problem,
KNITRO converged in a moderate number of outer iterations in all cases. With (11.2a), we
see that the number of Jacobian products tended to decrease, except when 1 = 1072, because
the linear solves were too coarse. Using (11.2b) showed a less clear trend. In cases with
comparable outer iteration numbers, larger 7 resulted in fewer Jacobian products. However,
for moderate n the number of outer iterations proved to be significantly smaller, resulting in
a more efficient solve than when 7 was too small or too large.
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Table 11.4: Comparison of Fletcher (top) and composite step (bottom) on (11.4). Each
table provides the corresponding iteration log. We record the objective value (f(xy)),
constraint violation (||c(zx)|), Lagrangian gradient norm (|VL(xg,yr)|), penalty function
¢o(xr), penalty gradient (||¢y(xr)]), CG iterations (CG), function and gradient evaluations
(#f,g), number of linear solves (Sys), and total GMRES iterations (Sys iter.).

Tter. | f(k) leCea)l IVL(ze,yR)| do(zr)  [Voo(xr)| CG  #f.g

0 6.6-10792 1.1.-10°1° 6.4-10796 6.6-10792 6.4.10796 1
1 6.6-107°2 55.107°7 3.0-10708 6.6-107%2 3.5.10708 7 2
2 6.6-1079%2 7.6-10799 3.2.10710 6.6-107°2 34.10710 19 3
3 6.6-1079%2 8.1-107% 3.7-10711 6.6-10792 73.107'1 38 4

Solve Time: 0.52s

Iter. | f(xx) le(xe)ll [V L(@k, i) Sys Sysiter. CG #f,g
0 6.6-10792 1.1-1071 6.4-10796
1 6.6-10792 1.7.-10710 28.10708 9 47 3 3
2 6.6-10792 33.10° U 2.3.10710 21 112 7 5
3 6.6-10792 6.1-10716 12.10712 38 211 12 7

Solve Time: 0.21s

For the larger problem with termination condition (11.2a), the number of outer iterations
increased with 7, the number of Lagrangian Hessian products fluctuated somewhat, and
Jacobian products tended to decrease. The exception is = 1078, which hits the sweet spot
of solving the linear systems sufficiently accurately to avoid many additional outer iterations,
but without performing too many iterations for each linear solve. Using residual-based
termination (11.2b) shows a less clear trend; Jacobian products roughly decreased with
increasing 1 while the Hessian products tended to oscillate. The sweet spot is hit with
1 = 1074, where the fewest outer iterations and operator products were performed. For this
problem, it appears that the dependence of performance on the accuracy of the linear solves
as measured by the residual (11.2b) is much more nonlinear than when the linear solves are
terminated according to the error (11.2a).

11.3.1 Comparison with ROL

We compare our penalty method to the composite step trust-region method (Heinkenschloss
and Ridzal, 2014) on (11.4). Both methods are implemented in C++ as part of the Rapid
Optimization Library (ROL) in Trilinos (Heroux et al., 2003). Solving (11.4) on the unit
cube discretized as an 8 x 8 x 8 grid results in a problem with n = 1458 variables and m = 729
constraints. We run the composite step method (Table 11.4 bottom) and Fletcher (Table 11.4
top), and record their iteration logs. To solve the augmented systems, we use preconditioned
GMRES (with the same preconditioner as before), terminated when the residual norm is
below 10~'2. For Fletcher, we use o = 1072 as the penalty parameter.

We see that the performance of Fletcher and the composite step method are comparable
in terms of outer iterations and time. Fletcher solves about twice as many augmented
systems (every CG iteration is two linear solves), and so it takes roughly twice the solve time
of the composite step method.
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Table 11.5: Results of solving (11.5) using TRON to minimize ¢, with various 7 in (11.2a)
(left) and (11.2b) (right) to terminate the linear system solves. We record the number of
Lagrangian Hessian (#Hv), Jacobian (#Av), and adjoint Jacobian (#A%v) products.

N ‘Iter. #f,9g #F#Hv #HAv #AT’U‘Iter. #f.g #Hv H#Av #Av

10~2 29 29 822 1582 2342 29 29 822 1636 2396
10~4 29 29 816 1635 2389 29 29 816 1801 2555
1076 29 29 816 1800 2554 29 29 816 2029 2783
1078 29 29 816 2077 2831 29 29 816 2301 3055
10719 | 29 29 816 2351 3105 29 29 816 2637 3391

error-based termination residual-based termination

11.4 2D Poisson-Boltzmann problem

We now solve a control problem where the constraint is a 2D Poisson-Boltzmann equation:

minimize % J- (u — uq)® ds + %aj 22ds
ueH}(Q), zeL2(Q) Q Q

11.5
subject to —Au+sinh(u) = h+2z in Q, (11.5)

u= 0 in 09).

We use the same notation and  as in Section 11.3, with the forcing term h(sy,s2) =
—sin(ws1) sin(wsz), w = 7 — &, and target state

(s) 10 if s € [0.25,0.75]?
Ug\S) =
¢ 5  otherwise.

We discretize (11.5) using P; finite elements on a uniform mesh with 1089 triangular elements,
resulting in a problem with n = 2050 variables and m = 961 constraints. The initial point is
ug =1, zg = 1.

We perform the experiment described in Section 11.3 using ¢ = 107!, and record the
results in Table 11.5. The results are similar to Table 11.2, where the number of Jacobian
products decreases with 7, while the number of outer iterations and Lagrangian-Hessian
products stays fairly constant. We see that with stopping criterion (11.2b), the LNLQ
iterations increase somewhat compared to (11.2a), as it is a tighter criterion.

We now repeat the experiment with the additional bound constraint z > 0, and solve
the problem with the same discretization as before, as well as on a refined mesh where
n, = 10201 and n, = 9801. The initial point and penalty parameter are unchanged, but we
now use KNITRO as the optimization solver. The results are recorded in Table 11.6.

We see that the results for both problems are more robust to changes in the accuracy
of the linear solves. In all cases, the number of outer iterations and function/gradient
evaluations were the same, and the number of Lagrangian Hessian products changed little.
The number of Jacobian products steadily decreased with increasing n, with a 20-30% drop
in Jacobian products from 7 = 10719 to = 1072,
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Table 11.6: Results of solving (11.5) with z > 0 using KNITRO on (PP) with various 7 in
(11.2a) (left) and (11.2b) (right) to terminate the linear system solves. The top (resp. bottom)
table records results for the smaller problem with n = 2050, m = 1089 (resp. larger problem
with n = 20002, m = 10201). We record the number of function/gradient evaluations (#f, g),
Lagrangian Hessian (#Hwv), Jacobian (#Av), and adjoint Jacobian (#A%v) products.

n | Its. #f.g #Hv #Av #ATv | Its. #f,g #Hv #Av #ATv

1072 19 20 1242 3648 3708 | 19 20 1242 3669 3729
1074 19 20 1252 3753 3813 | 19 20 1244 3762 3822
1076 19 20 1236 3868 3928 | 19 20 1234 3916 3976
10-8 19 20 1244 4169 4229 | 19 20 1236 4286 4346
10710 | 19 20 1238 4725 4785 19 20 1250 4986 5046

1072 30 37 1524 4426 4531 | 30 37 1524 4468 4573
1074 30 37 1524 4574 4679 | 30 37 1524 4632 4737
1076 30 37 1524 4813 4918 | 30 37 1558 5033 5138
10-8 30 37 1550 5396 5501 | 30 37 1550 5610 5715
10710 | 30 37 1550 6224 6329 | 30 37 1558 6582 6687

error-based termination residual-based termination

11.4.1 Comparison with ROL

We perform a comparison similar to Section 11.3.1 for (11.5), by comparing our method
with the composite step trust-region method of Heinkenschloss and Ridzal (2014) and the
augmented Lagrangian method (Hestenes, 1969; Powell, 1969; Conn et al., 1992). All method
are implemented in C++ as part of ROL in Trilinos.

We first solve (11.5) without constraints on z. We discretize 2 on a 50 x 50 grid, producing
a problem with n = 5202 variables and m = 2601 constraints. We then apply Fletcher’s
penalty function (with o = 10~!) and the composite step method to this problem, and record
the results in Table 11.7. All augmented systems are solved using GMRES with the same
preconditioner as before. The composite step method is significantly more efficient in this
case, as our approach requires many CG iterations to converge near the solution.

We now solve the problem with bound constraints on the control variables: 0 < z < 10.
We discretize ) into a 60 x 20 grid so that we have n = 2562 variables and m = 1281
constraints. We solve the problem using our approach and the augmented Lagrangian
method, and record the results in Table 11.8. In this case, our penalty approach shows
itself to be more efficient than using the augmented Lagrangian method. It should be
noted that the Lagrangian Hessian and augmented Lagrangian Hessian are highly singular,
resulting in slow convergence for both methods. In particular, this results in the high
number of CG iterations for our approach and for the augmented Lagrangian method. A
reduced-space method that always maintains feasibility with respect to the PDE constraint
can be particularly advantageous here because the issue with the singular Hessian does not
apply. However, it may not be as effective in large-scale cases because it becomes impractical
to always solve accurately the differential equation, whereas full-space methods such as our
approach can take advantage of inexact solves.
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Table 11.7: Comparison of Fletcher (top) and composite step (bottom) on (11.5). Each
table provides the corresponding iteration log. We record the objective value (f(xy)),
constraint violation (||c(zx)|), Lagrangian gradient norm (|VL(xg,yr)|), penalty function
¢o(xr), penalty gradient (||¢y(xr)]), CG iterations (CG), function and gradient evaluations
(#f, g), number of linear solves (Sys), and total GMRES iterations (Sys iter.).

Iter. | f(aw) le(zi)|  IVL(r,ue)l  dolzr)  [Voo(zi)| CG  #f.g
0 31-107°% 13-107'% 93.1079% 3.1.-1079" 93.1079
1 22.-1079 18-1079% 36-107°2 23.107% 70-10792 1 2
2 1.5-107°% 44-10792  39.107°2 17-1079% 7.7.10792 2 3
3 |87-107°2 27.107% 55.107°2 11-1079% 1.1-1079% 4 4
4 58-10792 12.10797  1.3.107°2  6.0-10792 26-10792 5 5
5 21-10792 47.1079%  34.10792 33.10792 68-10792 4 6
6 80-1079 22.107%  1.6-10792 1.0-10792 32.10792 ¢ 7
7 1631079 72.100%%  22.1079  6.4-1079% 44-1079 5 8
8 27-107%% 1.0-107%% 65-107% 3.1-100% 13.10792 8§ 9
9 2.7-107%% 16-1079% 26-107% 2.7-1079 26-107%% 1 10
10 | 2.3-1079 24.10706 2.6-10704 2.3-107%% 52.1079% 99 11
11 | 23-107% 49-10797 58-107°7 23.1079 5.8.10°°7 1 12
12 | 231079 14-1079 28.107% 23.1079 57.107% 500 13
13 | 231079 15.-107%% 78.107° 23.1079 15.10797 3 14
14 123-1079% 1.5-10797  1.8-10797 23.1079 36-107°7 500 15
15 | 23-1079 5.7.10°10 2.8.10709 2.3-107%9% 28.1079 1 16
Solve time: 19.9817s
Iter. | f(xx) le(xe)ll [V L(@k, i) Sys Sysiter. CG #f,g
0 3.1-10791 44.1071 22.10792
1 54-10792 2.4.10702 1.2-10702 7 45 2 3
2 6.4-1079 7.8.107% 42.107% 14 106 2 5
3 24-1079% 1.0-1079% 5.0.10796 24 199 5 7
4 23.1079% 24.10797 2.1.107°97 40 370 11 9
5 23-1079% 56.-1071° 24.107% 63 595 20 11

Solve time: 0.28s
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Table 11.8: Comparison of Fletcher (top) and augmented Lagrangian (bottom) on (11.5) with
bound constraints. Each table provides the corresponding iteration log. We record the objec-
tive value (f(zy)), constraint violation (|lc(zx)|), Lagrangian gradient norm (|VL(xg,yr)|),
penalty function ¢, (zx), penalty gradient (|¢, (zx)|), CG iterations (CG), function, gradient,
and constraint evaluations (#f, g, ¢), and augmented Lagrangian penalty parameter (p).

Iter. | f(xk) le(zr)| IV L(xx, yx) | b0 (zk) Voo (k)| CG  #f,g #c
0 7.7-107%  6.4-107%° 54-107°2 77.107% 54-.10792 1
1 7.6-107% 2.7.107°¢ 1.4-107% 84-107% 29.107° 3266 2 3
2 55-107% 9.1.107° 1.6-10793 55-107%  29.107%% 1882 3 5
3 54-107% 7.2.107° 1.5-10793 54-107%  3.0-107% 2519 4 7
4 54-107% 6.9-107°°  65-107% 54.107% 3.0-107%° 11 5 9
5 53-107% 2.3.1078 7.1-1079 53-107%  1.4-107°% 4476 6 11
6 5.3-107%  2.7.107% 1.0-107% 53-107% 2.0-107% 4 7 13
7 5.3-107% 1.2.107°8 4.3-107%7 53-107% 35.107°7 1614 8 15
8 5.3-107% 54.107%° 8.6-107°7 5.3-107%  1.4-.107°¢ 5000 9 17
9 5.3-107% 3.5.107% 4.6-1078 53-107% 2.1-107%® 3831 10 19
10 | 5.3-107%° 1.4-107% 1.5-107°7 5.3-107%  2.6-107°7 5000 11 21
11 | 5.3-107% 1.1-.-1071° 7.5-1079 5.3-107%  1.9.-107°® 5000 12 23

Solve time: 664.1s

Iter. | f(zx) le(ze)|  IVL(xk, ys)| CG p #f #g  #c

0 7.7-107%% 6.4-107%°  5.7.107°2 10!
1 31-107% 1.0-1079 2.9.107% 1 10! 5 5 6
2 6.8-107% 4.2.107% 9.5.107% 19 102 44 41 61
3 8.6-107%% 4.3.107% 1.7-107% 4 108 55 50 76
4 8.2-107% 4.2.10792 1.7-10792 10 10* 76 71 107
5 57-107% 4.2.107% 1.5-10793 5 10° 89 82 125
6 5.4-107% 4.2.107% 1.9-107% 53 10° 323 183 406
7 53-107% 1.5.107°7 1.7-1071° 168 10° 1128 509 1368
8 5.3-107%  2.6-1071° 1.5-1071° 83 10° 1512 671 1830

Solve time: 1314.79s
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Table 11.9: Results from solving (11.6) using KNITRO to optimize (PP) with various # in
(11.2a) (left) and (11.2b) (right) to terminate the linear system solves. We record the number
of function/gradient evaluations #f,g), Lagrangian Hessian (#Hv), Jacobian (#Av), and
adjoint Jacobian (#A%v) products. The symbol * indicates that the problem failed to
converge to a feasible point after 500 iterations.

n | Its. #f.g #Hv #Av #ATv | Its. #f,g #Hv #Av #ATy

1072 | 217 340 4340 13966 15204 * * * * *
1074 | 226 348 4396 14068 15204 * * * * *
1076 | 176 272 3232 11218 12211 | 191 291 3508 18326 19391
1078 | 185 289 3356 11582 12635 | 196 296 3700 20888 21973
10710 ] 204 298 4626 15412 16511 | 190 286 3480 23979 25028

error-based termination residual-based termination

11.5 2D topology optimization

We now solve the following 2D topology optimization problem from Gersborg-Hansen,
Bendsge, and Sigmund (2006):

minimize J fuds
ueH}(Q),2eL2(Q) Jo

subject to fozds <V (11.6)
-V (k(z)Vu) = f in Q,
u= 0 in 09,
0<z< 1,

where k(z) : Q — Q defined by k(2)(s) = 1072 + (1 — 1072)2(s)? for s € Q. The domain
is Q = [0,1]2, with load vector f = 1072, and V = 0.4. We discretize (11.6) using finite
elements on a 64 x 64 grid as described by Gersborg-Hansen et al. (2006), resulting in a
problem with 8321 variables and 4096 equality constraints. After discretization, we add a
slack variable 5 > 0 for the first inequality constraint, so we have only equality constraints
and bounds. The problem has n = 8322 variables and m = 4096 constraints, with bounds
on z and 5.

We perform the same experiment as in Section 11.3 (using one mesh), with 0 = 107! as
the penalty parameter, initial point ug = %V]l, 20 = %V]l, S50 =V —=>2z; = 0.2, and KNITRO
as the minimization algorithm. The results are recorded in Table 11.9. With (11.2a), the
trend is like before: as 7 increases the number of Jacobian products decreases (and in this
case, so do the numbers of outer iterations and Lagrangian Hessian products), but this is
only true until 7 becomes too large and the linear solves become too coarse, causing slowed
convergence. With (11.2b) as the termination criterion, we see a similar trend, except that
when the linear solves are too coarse, KNITRO fails to converge.



11.6. EXPLICIT LINEAR CONSTRAINTS 109

Table 11.10: Results for problems with linear constraints (first three rows have only equality
constraints). my, and my, are the number of linear and nonlinear constraints; ai*mpl and
ngpl are threshold penalty parameters when the linear constraints are handled implicitly and
explicitly; o is the penalty parameter. The last two columns give the number of iterations
before convergence; the symbol * indicates that unboundedness was detected, and — that
100 iterations were performed without converging. The solver exits when unboundedness is
detected or an iterate satisfies (11.1) with e = 1078.

Problem ‘ n Myin  Moln Ji*mpl ngpl o Impl. Expl.
) 1073 s 10
Chain400 802 402 1 0.0012 0 0.002 7 10
1073 — 5
Channel400 | 1600 800 800 0 0 . - 5
hs113 18 3 5 6.61  3.39 ? 2*8 ﬁ
prodpl0 69 25 4 211.9  13.7 34000 - gg
prodplil 69 25 4 60.8  3.56 ;8 8_9 Zf
2 - 12
synthes3 38 23 19 6.00  0.66 - 45 18

11.6 Explicit linear constraints

We investigate the effect of maintaining the linear constraints explicitly (Section 9.3), using
some problems from the CUTEst test set (Gould, Orban, and Toint, 2003) with linear
constraints. We use KNITRO to minimize ¢, with and without linear constraints, because
it can handle them explicitly. We use the corrected semi-normal equations to perform linear
solves, and Hessian approximation Bj(z) (10.14a). The threshold penalty parameters (10.4)
and (9.24) (adapted to bound constraints) are computed from earlier optimal solutions when

impl
In Table 11.10, we observe that maintaining the linear constraints explicitly decreases

*

expl) respectively.

the linear constraints were kept implicit (¢ ) and explicit (o
the penalty parameter for all problems except Channel400 (o* = 0 in both cases). KNITRO
fails to find an optimal solution when the linear constraints are implicit and o < Ji*mpl' This
is because in the equality-constrained case ¢, is unbounded, and otherwise KNITRO stalls
without converging to a feasible solution. When o is sufficiently large, both versions converge
(with and without explicit constraints); in most cases keeping the constraints requires
fewer iterations, except for Chain400. Although positive semidefiniteness of V2¢, (x*) is
guaranteed in the relevant critical cone when o > ¢* (both implicit and explicit cases), a
larger value of ¢ may sometimes be required because the curvature of ¢, away from the
solution may be larger or ill-behaved.

For the Channel problems, the threshold parameter is zero in both cases. However,
KNITRO converges quickly when the linear constraints are kept explicit, but otherwise
fails to converge in a reasonable number of iterations. This phenomenon for the Channel
problems appears to be independent of o (more values were investigated than are reported
here). Even if the threshold penalty parameter does not decrease, it appears beneficial to

maintain some of the constraints explicitly.
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Table 11.11: Convergence results for hs061 (left) and mss1 (right) when TRON and KNITRO
minimize ¢, (+;0). The first rows show the iteration at which § is updated, and the last two
rows record the final primal and dual infeasibilities.

§ | TRON KNITRO § | TRON KNITRO
1071 22 12 1072 46 33
1072 23 13 1074 52 36
1074 24 14 1077 53 37

le(z)| | 10710 1079 le(z)| | 1072 10

|
lgo(@)] | 1077 107° go(2)| | 107° 107°

11.7 Regularization

We next solve problems where A(z) is rank-deficient for some iterates, requiring that ¢, be
regularized (Section 5.5). We use the corrected semi-normal equations to solve the linear
systems, with By(z) as the Hessian approximation.

For problem hs061 (n = 3 variables, m = 3 constraints) from the CUTEst test set (Gould
et al., 2003) we use 29 = 0, 0 = 102, §o = 10~1. For problem mss1 (n = 90, m = 73) we use
zo =0, 0 = 103, §o = 1072, In both cases we decrease § according to v(J) = §° to retain
local quadratic convergence. For both problems, A(xg) is rank-deficient and ¢, is undefined,
so the trust-region solvers terminate immediately. We therefore regularize ¢, and record the
iteration at which 6 changed. For mss1, we set 0, = 1077 to avoid ill-conditioning. The
results are in Table 11.11.

The regularized problems converge with few iterations between § updates, showing
evidence of quadratic convergence. Note that a large § can perturb ¢, (+; ) substantially, so
that 6y may need to be chosen judiciously. We use 6y = 10~2 because neither TRON nor
KNITRO would converge for mss1 when §p = 1071,



Chapter 12

Contributions and future directions

We demonstrated that the smooth exact penalty method is a promising approach for nonlin-
early constrained optimization, contrary to existing notions about its practical liminations.
The method is particularly promising when the augmented linear systems (9.19) and (10.16)
can be solved efficiently, for example, for PDE-constrained optimization problems.

12.1 Contributions

Efficient evaluation of the penalty function

We developed an efficient approach to evaluating the penalty function and its derivatives by
solving the same linear system with different right-hand sides. We discussed the tradeoffs of
using various solvers for solving these linear systems, with particular emphasis on the use of
iterative methods in order to develop a factorization-free solver.

Extension to bound constraints

We developed a smooth extension to Fletcher’s penalty function when bound constraints
are present, compared to his original nonsmooth proposal in (8.9). This penalty function
is exact when minimized over the bound constraints. We then showed how to evaluate the
penalty function and its derivatives efficiently when bounds are present.

Extensions to special cases

We extended the penalty function to handle cases where the constraint Jacobian is rank-
deficient away from the solution, and when some of the constraints are simple and can be
kept explicit. When the constraint Jacobian is rank-deficient, we modify the penalty function
to (9.34a). Algorithm 8 shows how to decrease the regularization parameter to zero in such
a way that the overall convergence of the optimization algorithm is unimpeded. If some
of the constraints are easy to maintain explicitly (e.g., linear constraints), we show how to
modify the penalty function so that the threshold penalty parameter is lower. Maintaining
linear constraints explicitly also tends to exhibit better convergence behaviour than when
the constraints are only penalized.

12.2 Future directions

As members of the scientific computing community, we are not in the business of designing the
one algorithm or method that handles all problems better than any other approach. Instead
we aim to develop a suite of tools that efficiently handle as wide a range of problem types
as possible, and gain a deep understanding of the mathematical and numerical properties
of these problems and methods in order to match a problem to the method most likely to
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succeed efficiently. This philosophy appears time and time again, just as a method like LSQR
can handle a linear system, yet is likely to be less effective than a specialized method like
CG when said linear system is SPD.

This work is no different: Fletcher’s penalty function demonstrates promise for constrained
optimization problems satisfying a certain paradigm, but is by no means meant to be the
one method to rule them all. However, several of the ideas used throughout this work can be
applied to more general research in optimization; for example, exploiting inexactness, explicit
parametrization of dual variables (such as in extended nonlinear programming (Rockafellar,
2000)), and exploring further applications of smooth exact penalty functions.

There remain several limitations of our approach, and addressing them is the subject of
future work. One property of ¢, observed from our experiments is that it is highly nonlinear
and nonconvex; this appears as a root cause of many limitations. Even though superlinear or
quadratic local convergence can be achieved, the high nonlinearity potentially results in many
globalization iterations and small step-sizes. Some extensions include: developing a robust
update for the penalty parameter; improving the solution of the trust-region subproblem;
developing robust tolerance rules for solving the required linear systems; and relaxing (A2a)
to weaker constraint qualifications. We discuss some of these ideas in detail below.

Updating the penalty parameter

As previously mentioned, we do not have a robust approach for updating the penalty
parameter that ensures global convergence and protects iterates from stalling or diverging
(¢ can be unbounded for all o; x* is only guaranteed to be a local minimum). This is
especially important because the threshold parameter is often not known a priori. We
currently use a heuristic that often works in practice, but not in all cases. Mukai and Polak
(1975) develop a scheme for updating the penalty parameter for a variant of Fletcher’s
penalty function, which would be a helpful starting point for developing robust penalty
parameter update rules.

Use as a merit function

One possibility is to use ¢, as a merit function (Nocedal and Wright, 2006, §15.4) in
conjunction with a constrained optimization method (e.g., an SQP method), rather than
minimizing it directly. Using ¢, as a merit function in a linesearch is probably inefficient
because of repeated evaluation of ¢, at different points to determine a stepsize. However,
pure trust-region methods using a merit function to evaluate trial points may show promise
as long as the constrained method guarantees a descent direction for a sufficiently small
trust-region radius. Determining trial points using traditional constrained models (that
require evaluation and derivatives of f and ¢ only) and using ¢, only to evaluate trial point
quality may be more efficient than solving subproblems that use derivatives of ¢, .

Connections with Sequential Linear Programming

For equality-constrained problems, the definition of the dual multiplier estimate (9.1b) is
closely related to Sequential Linear Programming (SLP) (Palacios-Gomez, Lasdon, and
Engquist, 1982). At the current iterate zy, SLP solves the following linearized subproblem
to determine a search direction:

mdin f(xy) + g(xx)'d subject to A(xp)d + c(zp) =0, |d| < A,
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where A > 0 ensures that the solution is bounded. The dual problem to the multiplier
estimate problem (9.1b) is equivalent to

min Sld|* +g(zr)’d  subject to  A(w)'d + e(ay) = 0.

Further, the solution of the dual problem is d = og,(zx), the (scaled) gradient of the
Lagrangian evaluated at xj and y,(zj). These subproblems are nearly identical, and so it
may be possible to use ¢, as a merit function for SLP, if for example it can be shown that
the the solution d of either problems is a descent direction for ¢,.

Solving the trust-region subproblem

One major improvement would be developing a preconditioning approach for the trust-region
subproblem. This is particularly nontrivial because the (approximate) Hessian is available
only as an operator. Traditional approaches based on incomplete factorizations (Lin and
Moré, 1999a) are not applicable. One possibility is to use a preconditioner for the Lagrangian
Hessian H, as a preconditioner for the Hessian approximations B; (9.17). This may be
effective when m « n because H, and B; would differ only by a low-rank update; otherwise
H, can be a poor approximation to B;.

Further, products with B; (9.17) are generally more expensive than typical Hessian-
vector products, as they require solving a linear system. Products with a quasi-Newton
approximation would be significantly faster. Also, exact curvature away from the solution
may be less important than near the solution for choosing good directions; therefore a
hybrid scheme that begins with quasi-Newton and switches to B; may be effective. Another
strategy, similar to Morales and Nocedal (2000), is to use quasi-Newton approximations to
precondition the trust-region subproblems involving B;. The approximation for iteration k
can be updated with every B;(zr_1) product, or with every update step xx — Tg_1.

Inexact Hessian-product trust-region method

Currently there does not exist a Newton-CG trust-region method that allows for variable-
accuracy Hessian-vector products and can guarantee superlinear or quadratic convergence.
Such a method would be similar to the inexact Krylov subspace solvers of (Simoncini and
Szyld, 2003; van den Eshof and Sleijpen, 2004). It would be a useful kernel for inexact
optimization in general, and particularly helpful to solve (PP). The dominant cost in
minimizing ¢, is the repeated products with the Hessian approximation B; (9.17); each of
these products requires solving two linear systems, and solving these systems inexactly results
in an inexact Hessian-vector product. Therefore, a trust-region solver that can prescribe the
accuracy for each Hessian-vector product while guaranteeing fast asymptotic convergence
would substantially improve the performance of this approach.



Appendix A
An unstable SYMMLQ implementation

Just for fun, we introduce a linesearch-based implementation of SYMMLQ in Algorithm 11
that looks similar to the 7-line CG implementation (Hestenes and Stiefel, 1952) and CR
(Stiefel, 1955). We have not found such an implementation elsewhere in literature. Although
this version looks deceptively simple, it is numerically unstable and useless in practice.

Algorithm 11 Unstable SYMMLQ

Require: A, b

1: xé‘=0,r0=w0=b
2: (51’[1)1 = Ab

3: fork=1,... do

T
T 1Wk—1
4: = —%5—

TE = -1 + Gewg
TE = Tk—1 — CAwy
if £k =1 then
Vi = wkTAwk
Okt1Wht1 = Awy — Ypwy
10: else
11: Y = w,ZAwk
12: Opr1Wry1 = Awp — Ypwy — Opwr—1
13: end if
14: end for

We can derive Algorithm 11 (in exact arithmetic) from the definition of SYMMLQ iterates:

rr = argmin |2* — z|?, with 2 € Ki(A, Ab).
reR™

Given an orthonormal basis W), = [wl . wk] for ICi.(A, Ab) and defining x,% = Wz =
S Gwj (where 2z = (Ci,...,Ck)), we have that for all 1 < k& < n:

1. ¢ = w%x*,

2. ijxé = 0 for j > k, and therefore ij(x* —zE) =0 for j < k.

To construct the orthonormal basis Wy, we apply the Lanczos process (Algorithm 1) to A
with starting vector Ab. This produces the relation

7 62
b2 y2 -
AWe=Wina| . | WEWy, =1, 61wy = Ab.
< Ok
O Tk
041
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Figure A.1: Performance of Algorithm 11 on a small random example. After reaching a
reasonably accurate solution, the method diverges.

Thus lines 2-3 and 8-13 of Algorithm 11 describe this Lanczos procedure, which produce
the search directions wy. Lines 6-7 update the iterate :cﬁ and the current residual using
the search directions and steplength. For k > 2 (k = 1 is a special case), by using the
orthonormality of the wy’s, we can express the steplength as

G = wpa* = wi (a* —2y_y)

= 5+ (Awg 1 — Yh1wp—1 — Spwp—a)" (2" — zp )
= iU’EAA(x* — )

T
Wp_1Tk—1
6k ?

which matches the expression on line 5.

Even though Algorithm 11 is mathematically equivalent to SYMMLQ), it is numerically
unstable. This is best illustrated with a small example using a small linear system. We take
a random 20 x 20 symmetric matrix A and random right-hand side b, and plot the error
norm (with * = A\b in Matlab) and residual norm at every iteration in Fig. A.1. After
obtaining a reasonable accurate iterate, the method diverges. This instability likely stems
from the failure of result 2 above. Previous search directions are not orthogogonal with the
current error, yet this is explicitly invoked to derive the expression for (. Perhaps it is
possible to modify Algorithm 11 so that it remains stable while keeping the implementation
simple, but for now this algorithm simply remains an intellectual curiousity.



Appendix B

Empirical Check of SYMMLQ and CG
Error Bounds

Table B.1: Empirical check on SYMMLQ error bounds using 140 SPD problems from UFL
Sparse Matrix collection. Each run solves Az = 1/y/n until € < 10719z, |, where z, is
computed via Matlab’s backslash operator. The second column gives the size of the matrix.
The third column gives the total number of iterations. For each p € {1 —10719,0.1}, we
give two columns; the first indicates the number of iterations where €& < |z, — z£|, and
the second is the fraction between the number of such iterations and the total number of
iterations. The final column gives the condition number of the matrix.

Problem Name n | Tot. Tter. | p=1—10"10 nw=0.1 Kk(A)
ACUSIM /Pres_Poisson 14822 1784 0 | 0.000 0 | 0.000 | 2.00E+06
Bai/mhd3200b 3200 12800 0 | 0.000 0 | 0.000 | 1.60E+13
Bai/mhd4800b 4800 19200 0 | 0.000 0 | 0.000 | 8.20E+13
Bai/mhdb416 416 1664 0 | 0.000 0 | 0.000 | 4.00E+09
Bates/Chem97ZtZ 2541 150 0 | 0.000 0 | 0.000 | 2.50E+402
Bindel/ted_-B 10605 544 0 | 0.000 0 | 0.000 | 1.90E+407
Bindel/ted-B_unscaled 10605 16 0 | 0.000 0 | 0.000 | 1.30E+11
Boeing/bcsstk34 588 1719 0 | 0.000 0 | 0.000 | 2.80E+04
Boeing/bcsstk36 23052 92208 0 | 0.000 0 | 0.000 | 7.40E+11
Boeing/crystm01 4875 7 0 | 0.000 0 | 0.000 | 2.30E+402
Boeing/crystm02 13965 5 0 | 0.000 0 | 0.000 | 2.50E+02
Boeing/crystm03 24696 5 0 | 0.000 0 | 0.000 | 2.60E+02
Boeing/msc00726 726 2351 287 | 0.122 177 | 0.075 | 4.20E4-05
Boeing/msc01050 1050 4200 0 | 0.000 0 | 0.000 | 4.60E+15
Boeing/msc01440 1440 5760 0 | 0.000 0 | 0.000 | 3.30E+06
Boeing/msc04515 4515 7302 1685 | 0.230 1459 | 0.199 | 2.30E+06
Boeing/msc10848 10848 43392 0 | 0.000 0 | 0.000 | 1.00E+10
Boeing/msc23052 23052 92208 0 | 0.000 0 | 0.000 | 7.40E+11
Cannizzo/sts4098 4098 16392 0 | 0.000 0 | 0.000 | 2.20E+08
Cylshell /slrmg4m1 5489 8667 0 | 0.000 0 | 0.000 | 1.80E+06
Cylshell/slrmt3m1 5489 9348 0 | 0.000 0 | 0.000 | 2.50E+06
Cylshell /s2rmg4m1 5489 21729 0 | 0.000 0 | 0.000 | 1.80E+08
Cylshell/s2rmt3m1 5489 21956 8314 | 0.378 0 | 0.000 | 2.50E+08
Cylshell /s3rmg4m1 5489 21956 1050 | 0.047 0 | 0.000 | 1.80E+10
Cylshell /s3rmt3m1 5489 21956 0 | 0.000 0 | 0.000 | 2.50E+10
Cylshell/s3rmt3m3 5357 21428 0 | 0.000 0 | 0.000 | 2.40E+10
FIDAP /ex10 2410 9640 0 | 0.000 0 | 0.000 | 9.10E+11
FIDAP /ex10hs 2548 10192 0 | 0.000 0 | 0.000 | 5.50E+11
FIDAP /ex13 2568 10272 0 | 0.000 0 | 0.000 | 1.10E+15
FIDAP /ex15 6867 27468 0 | 0.000 0 | 0.000 | 8.60E+12
FIDAP /ex3 1821 7284 0 | 0.000 0 | 0.000 | 1.70E+10
FIDAP /ex33 1733 6932 0 | 0.000 0 | 0.000 | 7.00E+12
FIDAP /ex5 27 75 3 | 0.040 0 | 0.000 | 6.60E407
FIDAP /ex9 3363 13452 0 | 0.000 0 | 0.000 | 1.20E+13
HB/1138_bus 1138 2479 0 | 0.000 0 | 0.000 | 8.60E+406
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HB/494_bus
HB/662_bus
HB/685_bus
HB/bcsstk01
HB/bcsstk02
HB/bcsstk03
HB/bcsstk04
HB/bcsstk05
HB/bcsstk06
HB/bcsstk07
HB/bcsstk08
HB/bcsstk09
HB/bcsstk10
HB/bcesstk11
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15439
1922
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147
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12536
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7688
1890
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0.000
0.000
0.110
0.118
0.000
0.000
0.000
0.065
0.000
0.000
0.000
0.000
0.000
0.000
0.186
0.000
0.000
0.000
0.000
0.100
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.270
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.192

o O o

OO OO O oo

O OO0 o oo

42
3728

641

[=NelNeNoBoNeloNoloNoNeololoNeNoNoNeNoNBoleloNe ool

5

0]

O OO O OO oo

0.000
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0.000
0.098
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.054
0.000
0.000
0.000
0.000
0.000
0.000
0.057
0.095
0.000
0.000
0.000
0.044
0.000
0.000
0.000
0.000
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0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
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0.000
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0.000
0.000
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0.000
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0.000
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0.000
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2.40E+-06
7.90E4-05
4.20E4-05
8.80E+05
4.30E+03
6.80E4-06
2.30E4-06
1.40E+04
7.60E+06
7.60E4-06
2.60E+07
9.50E+03
5.20E4-05
2.20E+08
2.20E4-08
1.10E+10
1.20E+10
6.50E+09
4.90E+09
1.30E+10
3.50E+11
1.30E+11
3.90E+12
1.80E+07
1.10E+05
2.60E+12
1.90E+11
4.40E+12
1.70E+08
2.40E4-04
9.50E+08
8.80E4-00
1.30E+01
3.50E+-06
7.60E4-03
8.30E4-06
1.00E+04
1.20E+05
6.30E4-05
2.30E4-05
2.60E4-05
2.40E+01
9.40E+02
9.50E4-08
1.80E+13
6.10E+09
2.60E+05
1.90E+02
2.80E4-06
3.00E+04
2.00E4-07
5.10E4-09
3.80E+04
1.60E+03
1.10E+04
7.70E+-06
2.40E4-09
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HB/plat362 362 511 0 | 0.000 0 | 0.000 | 2.20E+11
JGD_Trefethen/Trefethen_150 150 118 0 | 0.000 0 | 0.000 | 7.70E+02
JGD_Trefethen/Trefethen_20 20 19 0 | 0.000 0 | 0.000 | 6.30E+01
JGD_Trefethen/Trefethen_200 200 143 0 | 0.000 0 | 0.000 | 1.10E+03
JGD_Trefethen/Trefethen_2000 2000 563 0 | 0.000 0 | 0.000 | 1.60E+04
JGD_Trefethen/Trefethen_20000 20000 2055 0 | 0.000 0 | 0.000 | 2.00E+05
JGD_Trefethen/Trefethen_20000b | 19999 1907 0 | 0.000 0 | 0.000 | 9.60E+04
JGD_Trefethen/Trefethen_200b 199 133 0 | 0.000 0 | 0.000 | 5.20E+02
JGD_Trefethen/Trefethen_20b 19 18 0 | 0.000 0 | 0.000 | 3.00E+01
JGD_Trefethen/Trefethen_300 300 185 0 | 0.000 0 | 0.000 | 1.80E+03
JGD_Trefethen/Trefethen_500 500 251 0 | 0.000 0 | 0.000 | 3.20E+03
JGD_Trefethen/Trefethen_700 700 306 0 | 0.000 0 | 0.000 | 4.70E+03
Lourakis/bundlel 10581 376 40 | 0.106 17 | 0.045 | 1.00E+03
MathWorks/Kuu 7102 559 0 | 0.000 0 | 0.000 | 1.60E+04
MathWorks/Muu 7102 50 0 | 0.000 0 | 0.000 | 7.70E+01
Nasa/nasal824 1824 7296 0 | 0.000 0 | 0.000 | 1.90E+06
Nasa/nasa2146 2146 603 4 | 0.006 0 | 0.000 | 1.70E+03
Nasa/nasa2910 2910 11640 0 | 0.000 0 | 0.000 | 6.00E+06
Nasa/nasa4704 4704 18816 0 | 0.000 0 | 0.000 | 4.20E4-07
ND/nd3k 9000 5046 0 | 0.000 0 | 0.000 | 1.60E+407
ND/nd6k 18000 6211 0 | 0.000 0 | 0.000 | 1.60E+407
Norris/fvl 9604 31 0 | 0.000 0 | 0.000 | 8.80E+00
Norris/fv2 9801 31 0 | 0.000 0 | 0.000 | 8.80E+00
Norris/fv3 9801 121 0 | 0.000 0 | 0.000 | 2.00E+03
Oberwolfach/gyro 17361 48763 | 19065 | 0.390 | 14011 | 0.287 | 1.10E4-09
Oberwolfach/gyro_k 17361 48763 | 19065 | 0.390 | 14011 | 0.287 | 1.10E+09
Oberwolfach/gyro_m 17361 1096 0 | 0.000 0 | 0.000 | 2.50E+06
Oberwolfach/LF10 18 45 0 | 0.000 0 | 0.000 | 3.90E+06
Oberwolfach/LFAT5S 14 30 4 1 0.133 0 | 0.000 | 1.40E+08
Oberwolfach/t2dah_e 11445 16763 0 | 0.000 0 | 0.000 | 7.20E+08
Oberwolfach/t2dal_e 4257 693 0 | 0.000 0 | 0.000 | 3.80E+07
Oberwolfach/t3dle 20360 72 0 | 0.000 0 | 0.000 | 6.00E+03
Pajek/Journals 124 200 0 | 0.000 0 | 0.000 | 9.80E+03
Pothen/bodyy4 17546 296 0 | 0.000 0 | 0.000 | 8.10E+02
Pothen/bodyy5 18589 929 0 | 0.000 0 | 0.000 | 7.90E+03
Pothen/bodyy6 19366 2874 0 | 0.000 0 | 0.000 | 7.70E+04
Pothen/meshlel 48 23 0 | 0.000 0 | 0.000 | 5.20E+00
Pothen/meshleml 48 38 0 | 0.000 0 | 0.000 | 1.90E+01
Pothen/meshlem6 48 23 0 | 0.000 0 | 0.000 | 6.10E+00
Pothen/mesh2el 306 133 0 | 0.000 0 | 0.000 | 2.90E+02
Pothen/mesh2em5 306 98 0 | 0.000 0 | 0.000 | 2.50E+02
Pothen/mesh3el 289 28 0 | 0.000 0 | 0.000 | 8.90E+00
Pothen/mesh3em5 289 18 0 | 0.000 0 | 0.000 | 5.00E+00
Simon/olafu 16146 64584 0 | 0.000 0 | 0.000 | 7.60E+11
Simon /raefsky4 19779 79116 0 | 0.000 0 | 0.000 | 3.10E+13
TKK/cbuckle 13681 7152 0 | 0.000 0 | 0.000 | 3.30E+407
TKK/plbuckle 1282 2279 0 | 0.000 0 | 0.000 | 1.30E+06
UTEP /Dubcoval 16129 103 0 | 0.000 0 | 0.000 | 1.00E+03
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Table B.2: Empirical check on CG error bounds using 140 SPD problems from UFL Sparse
Matrix collection. Each run solves Az = 1/y/n until € < 10719||z, ||, where x, is computed
via Matlab’s backslash operator. The second column gives the size of the matrix. The third
column gives the total number of iterations. For each pu € {1 — 10719, 0.1}, we give two
columns; the first indicates the number of iterations where €{’ < |z, — 2|, and the second
is the fraction between the number of such iterations and the total number of iterations.
The final column gives the condition number of the matrix.

Problem Name n | Tot. Tter. | p=1—10"19 n=0.1 Kk(A)
ACUSIM/Pres_Poisson 14822 1784 0 | 0.000 0 | 0.000 | 2.0E4-06
Bai/mhd3200b 3200 12800 0 | 0.000 0 | 0.000 | 1.6E+4+13
Bai/mhd4800b 4800 19200 0 | 0.000 0 | 0.000 | 8.2E+13
Bai/mhdb416 416 1664 0 | 0.000 0 | 0.000 | 4.0E409
Bates/Chem97ZtZ 2541 150 0 | 0.000 0 | 0.000 | 2.5E402
Bindel/ted-B 10605 544 0 | 0.000 0 | 0.000 | 1.9E407
Bindel/ted -B_unscaled 10605 16 0 | 0.000 0 | 0.000 | 1.3E+11
Boeing/besstk34 588 1719 0 | 0.000 0 | 0.000 | 2.8E404
Boeing/bcsstk36 23052 92208 0 | 0.000 0 | 0.000 | 7.4E411
Boeing/crystm01 4875 7 0 | 0.000 0 | 0.000 2.3E+2
Boeing/crystm02 13965 5 0 | 0.000 0 | 0.000 2.5E+42
Boeing/crystm03 24696 5 0 | 0.000 0 | 0.000 2.6E+42
Boeing/msc00726 726 2351 262 | 0.111 175 | 0.074 | 4.2E+05
Boeing/msc01050 1050 4200 0 | 0.000 0 | 0.000 | 4.6E+15
Boeing/msc01440 1440 5760 0 | 0.000 0 | 0.000 | 3.3E406
Boeing/msc04515 4515 7302 1687 | 0.231 1466 | 0.201 | 2.3E4-06
Boeing/msc10848 10848 43392 0 | 0.000 0 | 0.000 | 1.0E410
Boeing/msc23052 23052 92208 0 | 0.000 0 | 0.000 | 7.4E+11
Cannizzo/sts4098 4098 16392 0 | 0.000 0 | 0.000 | 2.2E408
Cylshell/slrmg4m1l 5489 8667 0 | 0.000 0 | 0.000 | 1.8E4-06
Cylshell/slrmt3m1 5489 9348 0 | 0.000 0 | 0.000 | 2.5E406
Cylshell /s2rmq4m1 5489 21729 0 | 0.000 0 | 0.000 | 1.8E408
Cylshell/s2rmt3m1 5489 21956 3078 | 0.140 0 | 0.000 | 2.5E408
Cylshell/s3rmg4m1 5489 21956 0 | 0.000 0 | 0.000 | 1.8E+410
Cylshell/s3rmt3m1 5489 21956 0 | 0.000 0 | 0.000 | 2.5E410
Cylshell/s3rmt3m3 5357 21428 0 | 0.000 0 | 0.000 | 2.4E410
FIDAP /ex10 2410 9640 0 | 0.000 0 | 0.000 | 9.1E+11
FIDAP /ex10hs 2548 10192 0 | 0.000 0 | 0.000 | 5.5E+11
FIDAP /ex13 2568 10272 0 | 0.000 0 | 0.000 | 1.1E+15
FIDAP /ex15 6867 27468 0 | 0.000 0 | 0.000 | 8.6E+12
FIDAP /ex3 1821 7284 0 | 0.000 0 | 0.000 | 1.7E410
FIDAP /ex33 1733 6932 0 | 0.000 0 | 0.000 | 7.0E412
FIDAP /ex5 27 75 2 | 0.027 0 | 0.000 | 6.6E407
FIDAP /ex9 3363 13452 0 | 0.000 0 | 0.000 | 1.2E413
HB/1138_bus 1138 2479 0 | 0.000 0 | 0.000 | 8.6E406
HB/494_bus 494 1425 0 | 0.000 0 | 0.000 | 2.4E406
HB/662_bus 662 630 0 | 0.000 0 | 0.000 | 7.9E405
HB/685_bus 685 632 0 | 0.000 0 | 0.000 | 4.2E405
HB/bcsstk01 48 192 22 | 0.115 19 | 0.099 | 8.8E+05
HB/bcsstk02 66 48 0 | 0.000 0 | 0.000 | 4.3E403
HB/bcsstk03 112 448 0 | 0.000 0 | 0.000 | 6.8E406
HB/bcsstk04 132 528 0 | 0.000 0 | 0.000 | 2.3E406
HB/besstk05 153 313 0 | 0.000 0 | 0.000 | 1.4E404
HB/bcsstk06 420 1680 0 | 0.000 0 | 0.000 | 7.6E4-06
HB/bcsstk07 420 1680 0 | 0.000 0 | 0.000 | 7.6E406
HB/besstk08 1074 4296 0 | 0.000 0 | 0.000 | 2.6E407
HB/bcsstk09 1083 311 38 | 0.122 17 | 0.055 | 9.5E+03
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HB/bcsstk10 1086 4344 0 | 0.000 0 | 0.000 | 5.2E+405
HB/bcsstk11 1473 5892 0 | 0.000 0 | 0.000 | 2.2E408
HB/bcesstk12 1473 5892 0 | 0.000 0 | 0.000 | 2.2E4-08
HB/bcsstk13 2003 8012 0 | 0.000 0 | 0.000 | 1.1E410
HB/bcsstk14 1806 7224 0 | 0.000 0 | 0.000 | 1.2E+10
HB/bcsstk15 3948 15792 0 | 0.000 0 | 0.000 | 6.5E409
HB/bcsstk16 4884 731 223 | 0.305 43 | 0.059 | 4.9E+409
HB/besstkl7 10974 38912 6918 | 0.178 3737 | 0.096 | 1.3E+10
HB/bcsstk18 11948 47792 0 | 0.000 0 | 0.000 | 3.5E411
HB/bcsstk19 817 3268 0 | 0.000 0 | 0.000 | 1.3E+11
HB/bcsstk20 485 1940 0 | 0.000 0 | 0.000 | 3.9E412
HB/bcsstk21 3600 14400 923 | 0.064 616 | 0.043 | 1.8E407
HB/bcsstk22 138 460 0 | 0.000 0 | 0.000 | 1.1E405
HB/bcsstk23 3134 12536 0 | 0.000 0 | 0.000 | 2.6E+412
HB/bcsstk24 3562 14248 0 | 0.000 0 | 0.000 | 1.9E411
HB/bcsstk25 15439 61756 0 | 0.000 0 | 0.000 | 4.4E412
HB/bcsstk26 1922 7688 0 | 0.000 0 | 0.000 | 1.7E4-08
HB/besstk27 1224 1890 0 | 0.000 0 | 0.000 | 2.4E404
HB/bcsstk28 4410 17640 515 | 0.029 0 | 0.000 | 9.5E4-08
HB/bcsstm02 66 11 0 | 0.000 0 | 0.000 | 8.8E+400
HB/bcsstm05 153 19 0 | 0.000 0 | 0.000 | 1.3E401
HB /bcsstm06 420 136 0 | 0.000 0 | 0.000 | 3.5E4-06
HB/bcsstm07 420 449 0 | 0.000 0 | 0.000 | 7.6E403
HB/bcsstm08 1074 260 15 | 0.058 0 | 0.000 | 8.3E406
HB/bcsstm09 1083 1 0 | 0.000 0 | 0.000 | 1.0E4-04
HB/bcsstm11 1473 27 0 | 0.000 0 | 0.000 | 1.2E405
HB/bcsstm12 1473 2899 0 | 0.000 0 | 0.000 | 6.3E405
HB/bcsstm19 817 872 3 | 0.003 0 | 0.000 | 2.3E405
HB/bcsstm20 485 548 0 | 0.000 0 | 0.000 | 2.6E405
HB/bcsstm?21 3600 2 0 | 0.000 0 | 0.000 | 2.4E4-01
HB/bcsstm22 138 49 0 | 0.000 0 | 0.000 | 9.4E4-02
HB/bcsstm23 3134 6533 0 | 0.000 0 | 0.000 | 9.5E+408
HB/bcsstm24 3562 14248 0 | 0.000 0 | 0.000 | 1.8E+413
HB/bcsstm25 15439 61756 0 | 0.000 0 | 0.000 | 6.1E409
HB/bcsstm26 1922 2084 0 | 0.000 0 | 0.000 | 2.6E405
HB/gr_30_30 900 41 0 | 0.000 0 | 0.000 | 1.9E4-02
HB/lund_a 147 474 134 | 0.283 59 | 0.124 | 2.8E406
HB/lund_b 147 442 0 | 0.000 0 | 0.000 | 3.0E4-04
HB/nos1 237 948 0 | 0.000 0 | 0.000 | 2.0E4-07
HB/nos2 957 3828 0 | 0.000 0 | 0.000 | 5.1E409
HB/nos3 960 265 0 | 0.000 0 | 0.000 | 3.8E4-04
HB/nos4 100 78 0 | 0.000 0 | 0.000 | 1.6E403
HB/nosb 468 506 0 | 0.000 0 | 0.000 | 1.1E+404
HB /nos6 675 1657 0 | 0.000 0 | 0.000 | 7.7E4-06
HB/nos7 729 2916 294 | 0.101 0 | 0.000 | 2.4E4-09
HB/plat362 362 511 0 | 0.000 0 | 0.000 | 2.2E+11
JGD_Trefethen/Trefethen_150 150 118 0 | 0.000 0 | 0.000 | 7.7E4-02
JGD_Trefethen/Trefethen_20 20 19 0 | 0.000 0 | 0.000 | 6.3E401
JGD_Trefethen/Trefethen_200 200 143 0 | 0.000 0 | 0.000 | 1.1E4-03
JGD_Trefethen/Trefethen_2000 2000 563 0 | 0.000 0 | 0.000 | 1.6E4-04
JGD_Trefethen/Trefethen_20000 20000 2055 0 | 0.000 0 | 0.000 | 2.0E405
JGD_Trefethen/Trefethen_20000b | 19999 1907 0 | 0.000 0 | 0.000 | 9.6E404
JGD_Trefethen/Trefethen_200b 199 133 0 | 0.000 0 | 0.000 | 5.2E4-02
JGD_Trefethen/Trefethen_20b 19 18 0 | 0.000 0 | 0.000 | 3.0E401
JGD_Trefethen/Trefethen_300 300 185 0 | 0.000 0 | 0.000 | 1.8E4-03
JGD_Trefethen/Trefethen_500 500 251 0 | 0.000 0 | 0.000 | 3.2E+03
JGD_Trefethen/Trefethen_700 700 306 0 | 0.000 0 | 0.000 | 4.7E403
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Appendix C

Direct methods for augmented systems

We describe various direct methods for solving (10.16)

1 A pl _ |w | A
lAT 2] J[Z}’ where IClAT _521_17 (C.1)

T
required to evaluate ¢, and its derivatives. Recall that A; = |AT 6I| when § > 0;
otherwise A5 = A. For this section, given a matrix R and vector b, the shorthand notation

x < R\b means that x solves the system Rz = b (via forward and/or backward substitution).

QR factorization

Algorithm 12 computes (p, ¢) using the thin QR factorization of A5 = QR, with @ orthogonal
and R € R™*™,

Algorithm 12 Solving (10.16) using the QR factorization.
: Q7 R« qI‘(A(;)

W — Qf, w

zZ«— RT\z

p—w— Ql:n,:(w - 2)

: g« R\(w—2)

: return (p,q)

The advantage is that As is factorized instead of I, and this method is backward stable
for both p and ¢ (Golub and Van Loan, 2013, §5.3.6). If As is sparse, R is likely to be sparse
(for some column permutation of As) but unfortunately @ is not. For large problems, it may
not be practical to store @ in order to solve (10.16).

Corrected semi-normal equations

The R factor from As = QR can be computed without storing ). We can then solve the
semi-normal equations RT Rq = ATw — z and set p = w — Aq. Bjorck and Paige (1994) show
that this is not acceptable-error stable for p, possibly giving large error in p, particularly
when |p|| « [|w|. Note that p = g, in (10.13) means we may obtain large errors in the
gradient near the solution if care is not taken. Fortunately, Bjorck and Paige (1994) show
that one step of iterative refinement ensures p is acceptable-error stable; see Algorithm 13.
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Algorithm 13 Solving (10.16) using the semi-normal equations.

1 R« qr(As)

2 g — (RIR\(ATw —2)  p—w—Aq

3: Agq — (RTR)\(ATp — 6%2q — 2) > Iterative refinement
4 q<—q+tAg pep—Alq

5: return (p,q)

LDL and Bunch-Kaufman factorization

When it is not practical to store @) from the QR factors of A, or the semi-normal equations do
not provide sufficient accuracy, it may be possible to compute the LDL or Bunch-Kaufman
factorization of IC directly. Although an (n + m) x (n + m) matrix is factorized (rather than
an n X m matrix), the entire factorization is likely to be sparse, and the solution is typically
more accurate than with the semi-normal equations.

Bjorck (1967) and Saunders (1995) discuss scaling of the (1, 1) identity block to improve
the condition number of K. Saunders (1995) also considers the case where K is regularized
with —§27 in the (2,2) block.



Appendix D

Proof of Theorem 9.13

We repeat the assumptions of Theorem 9.13:

(B1) (NP) satisfies (A1b) and (A2a).

(B2) x* is a second-order KKT point for (NP) satisfying V¢, (z*) > 0.

(B3) There exist 6 > 0 and an open set B(z*) containing 2* such that if T, € B(2*) and

§ < 6, the sequence T4 1 = T + G(¢o(+;0),2)) converges quadratically to 2(5) with
constant M independent of .

Lemma D.1 Under the assumptions of Theorem 9.13:

1.

2.

o (+;0) has two continuous derivatives for § > 0 and x € R™ by (B1).

There exists an open set Bi(x*) containing x* such that ¢, (x) is well-defined and has
two continuous derivatives for all x € By(z*) by (B1).

V2, (2*) = V2¢, (2*;0) > 0 and ¢, (;0) is second-order smooth in both x and &, so
by assumption (B2) there exists an open set Ba(x*) containing x* and § > 0 such that
V24, (x;8) > 0 for (x,8) € Ba(a*) x [0,4].

By Theorem 9.10, there exists 5 such that ford < 5, x(8) is continuous in §. Therefore
there exists an open set Bs(x*) such that z(5) € Bs(a*) for 6 <.

There exists a neighborhood By(x*) where Newton’s method is quadratically convergent
(with factor N) on ¢,(z) by (B2).

Given 8y < 3, where § is defined in (B3), there exists a neighborhood Bs(x*) such that
Vs (x;80)|| < 0o for all x € Bs(x*).

We define

B'(z*) := B(z*) n (ﬁ Bi(x*)> and & :=min{3,0,0,1},
i=1

and note that xy defined by Algorithm 8 satisfies xy, € B'(x*) for all k by (B3). Because

8.

9.

¢o(x;0) is a Co function in B'(z*) x [0,0'], there exist positive constants K1, ..., Ks such
that
7. Voo (2;9)| < K1, |[V2¢o(2;8) Y| < Ko for € B'(2*) and § < ';

|VPs(z)| < K3, |V2Ps(z)| < Ky for x € B'(z*) and § < §';

|lze — 2% < K5V (k)|
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Proof. Statements 1-2 follow from (B1). Statements 3 and 5 follow from (B2). Statement 4
follows from Theorem 9.10.

Now consider Statement 6. For a given &g, we have V¢, (2(dp);dp) = 0 and so there
exists a neighbourhood B around (o) such that |V, (a;80)| < o for all # € B. Further,
2(60) € Bs(z*), so let Bs(z*) = B n Bs(z*). 0

We first give some technical results. All assume that x € B'(x*) and §; < ¢'.
Lemma D.2 Assume 6p_1 < 69 < &'. For 0y, defined according to (9.36),
IV (ks 0) | = O(6k)-

Proof. The result holds for kK = 1 in view of observation 6 of Lemma D.1.
Because xj, € B'(2*) and 0y, dk—1 < 0, observation 8 of Lemma D.1 gives |V Ps,_, (z1)| <
K3 and |V Ps, (z1)| < K3. Using (9.35), we have

Voo (2r; 01)| = |V b (xh; 05-1) = 031V Ps,_, (1) + 67V Ps, ()
< Voo (r; Sk—1)| + 671 |V Ps,_, (i) || + 07V Ps, ()|
< [ Vo (wr; Sp—1) | + (071 + 07) K3
= IV¢o (w3 ok—1)|| + O(3%), (D.1)

where the last inequality follows from 67 < & and (9.36), implying that &, > v(6_1) = 67_,.
We consider two cases. If |V, (zk; 0p—1)| < dx—1, (9.36) implies that

8 = max(| Voo (2k; 0k—1)|, 0o_1) = | Voo (ki ok-1)],

and therefore (D.1) gives |V, (zk; 0x)|| = O(0k).

Otherwise, (9.36) yields §; = max(d;_1, 5,%71) = §,_1, and there exists £ < k — 1 such
that 0y = 01 = -+ =y < dp_q, or £ = 1. If §; < dy_1, step 3 of Algorithm 8 implies
that Ve (xe;00—1)| < de—1, which by the above sequence of inequalities implies that
Vo (xe;80)|| = O(0¢). Then, because o = dy,

IVo (e, 1) = [Vdo (20, 60)] = O(e) = O(6).

Define the sequence {Z;} with Zo = 2y and Zj11 = ; + G(é5(-;0¢),Z;). By (B3), T; — x(dy)
quadratically, so after j iterations of this procedure, for some M, we have

IV 6o (F;6)| < M| Vebo (Fo; 1) |7 < MIKZ ™ |V (Fo; ) |-

Then after j = O(1) iterations of this procedure (depending only on M and K1), we have
M K7 27~ , so that

V6o (Tj300) | < IVe (@03 0)|* = [ Voo (25 80)* = O(6F) < 6.
Therefore, k — ¢ < j = O(1), and by (B3),

V6o (2i0k-1)]l = O (M |Vo, (i) ) =0 ("3 ") =0@). g
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Lemma D.3 For py, defined by step 4 of Algorithm 8, |pr| = O(d).

Proof. According to (B3), we may apply Lemma 9.12 with 7 = 2 and view step 4 of
Algorithm 8 as an inexact-Newton step, i.e., there exists a constant Ny > 0 such that

V2o (k5 0k)pr = —V o (i; k) + T, Irell < Nl Vo (23 65) -
Therefore by Lemma D.2,

Ipkll = V2o (2k; 1)~ (= Vo (k3 0) + 71 |
< V200 (215 08) 7 (| Vo (k3 1) | + )
< Ky ([Véo (@r;68) | + No| Vo (2 01)[)
<K (O((Sk) + O((Sk)) O(0g)- 1]

Lemma D.4 Let py be defined by step 4 of Algorithm 8 and gy, be the Newton direction
for the unregularized penalty function defined by V2, (vk)qr = —Vo (k). Then |pr —qx| €
O()-

Proof. According to (B3), we may apply Lemma 9.12 with 7 = 2 and view step 4 of
Algorithm 8 as an inexact-Newton step, i.e.,

V2¢o (2k; 01 )Pk = —V o (Ti; 6) + T, (D.2a)
Ik = OV o (k3 8) 7). (D.2b)

We premultiply (D.2a) by V2@, (x1)~! and use (9.35) to obtain
Pk + 04 V20 (x1) " V2 Ps, (zk)pk = qr + 65V G0 (zk) 'V P, (xk) + Voo (x1) 1.
Lemma D.2, Lemma D.3 and the triangle inequality then yield

Ipe = @il = [0V b0 (2r) ™1 (V Ps (1) — V2P, (21)pk) + V2o (1)~
OelV2 60 (20) M| (IV s (el + [V Py (i )pil) + [ V200 (2) "7

<
< 0RE (K3 + O(61)) + O(8%) = O(67). 0

Using the previous technical results, we are in position to establish our main result.

Proof of Theorem 9.13. We show that for z¢ € B'(z*) we achieve R-quadratic conver-
gence, by showing that |z; — z*| = O(dx) and that 6 — 0 quadratically. By observation 9
of Lemma D.1, (9.35), the triangle inequality, Lemma D.2, and observation 8 of Lemma D.1,

we have

|lzk — 2™ < K5V oo (zk)|

= K5|V¢o(k; 6k) — 0;V Ps, ()

< K5 (Vo (x5 61) | + 67V Ps, (1))
< K, (O((Sk) + 5kK3) = O(d).
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Let ¢ be the Newton direction defined in Lemma D.4. There exists a constant N > 0 such
that

|Txr1 — 2% = |lzx + prx — 27|
< ok + qe — 27| + [Pk — gk
< N|zp — 2% + llpk — axl = O(53)-

It remains to show that &) decreases quadratically. If [V, (zxi1,0k)| < 63,
Spr1 = max{min{ [V, (zrr1,84)[, 0k}, 6} < max{[| Voo (wrr1, 1), 07} = 6.

Assume now that |V¢y(vx4+1,0x)| > 07. We have from (9.35) and observations 7-8 of
Lemma D.1 that

Grv1 = max{min{| Voo (1, 0¢)], o}, 07}

< Voo (@ht1, 0r)|
< Voo (@rs1)| + 01V P, (wr41)
< KoY apay — 2% + 02 K3 = O(67).

Thus we have |z, — z*| = O(8;) and &x41 = O(7), which means that z, — 2* R-
quadratically. ]
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